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ON A FOURTH ORDER DIFFERENTIAL INCLUSION
INVOLVING p-BIHARMONIC OPERATOR

Tihomir Gyulov1, Gheorghe Moroşanu2

1Angel Kanchev University of Ruse, 2Central European University, Budapest, Hungary

Abstract: A fourth order boundary value problem associated with the p-biharmonic operator is 
considered, where p>1. It models various problems in the theory of elasticity, e.g. the shape of an elastic 
beam where the bending moment depends on the curvature as a power function with exponent p-1. The 
results presented here concern the existence of solutions satisfying a quite general boundary condition.

Keywords: bi-p-Laplacian, differential inclusion, generalized Clarke gradient, non-smooth critical 
point theory.

   
INTRODUCTION
In this paper we investigate the following fourth order differential inclusion
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where a  and b  are given constants, 1>p  and functions F , j  satisfy the following 

assumptions: 
 1H     RR0,1:,tF  is a Carathéodory mapping, satisfying in addition 

0=,0)(tF  for a.a. (0,1)t , as well as the Lipschitz condition: 0,>  there is an 

 0,11L , such that, for a.a. (0,1)t  and all ,x y  with ,, yx

      ;,, yxtytFxtF  

 2H  Function   ,: 4Rj  is proper, convex and lower semicontinuous 

(l.s.c), such that    jDT 0,0,0,0 .  Here  ,tF  denotes the generalized Clarke 

gradient (see [1]) of  ,tF  at ,R  while j  stands for the subdifferential of .j
A classical fourth order equation arising in the beam-column theory is the following 

(see Timoshenko and Gere [10]) 

,=
2

2

4

4

q
dx

ud
P

dx

ud
EI  (3)

where u  is the lateral deflection, q  is the intensity of a distributed lateral load, P  is the 

axial compressive force applied to the beam and EI  represents the flexural rigidity in the 
plane of bending. Equation (3) is derived from the static equilibrium equations for any slice 
at distance x  along the beam, namely the equilibrium of forces reads 

,=
dx

dV
q  (4)

where V  is the shearing force and the equilibrium of moments is described by the 
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equation 

,=
dx

du
P

dx

dM
V  (5)

where M  denotes the bending moment. It is assumed that the bending moment depends 
linearly on the curvature. It can be expressed (if the higher order terms are neglected) as 
follows 

.=
2

2

M
dx

ud
EI  (6)

Let a more general condition is assumed, that the bending moments depend as a power 
function of the curvature with exponent 1,p  i.e. 

,=
2

22

2

2

dx

ud

dx

ud
cM

p

 (7)

where c  is a constant. Then the presence of the term    uu p 2
 in (1) is justified if we 

assume (7) instead of (6) when equation (3) is derived. If 2,=p  then (7) coincides with (6) 

where .= EIc  We obtain results that extend our previous ones presented in [5] for the 
case 2.=p

Another equation that motivates the studied problem is the following one 

 ,0,1,=
2

 tq
a

w
EhwNDw x

iv (8)

which models the radial deflection w  for symmetrical buckling of a cylindrical shell under 
uniform axial compression xN  (see [10], p. 457, [9]).

The applied lateral load q  in (3) or (8) may be presented as the reaction of a 

support, which generally depends nonlinearly on the deflection (see [2]-[5], [8]-[9]), 
    ,,= tutftq

or, more generally, 

    ,, tutFtq 
for some function F  (when the nonlinearity in Eq. (1) has some jumps, e.g., the case of 
adhesive support, see [9]).

Condition (2) provides a general framework for different types of boundary 
conditions (see [6]). For example, the functional 

  




 otherwise,,

,=,=0,
:=,,, 4321

4321

xxxx
xxxxj T

corresponds to periodic conditions       0,1,2,3,=,1=0 iuu ii  while the case of simply 

supported endpoints, i.e.,         0=1=0=1=0 uuuu  , can be obtained by choosing 

  




 otherwise.,

0,==0,
:=,,, 21

4321

xx
xxxxj T

In this paper we investigate the existence of solutions to problem (1)-(2). By a 

solution of this problem we mean a function  1,0,2 pWu  such that 

    ,,0,12 RAC

  uu p

and u satisfies (2) and for a.a.  0,1t
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Consider the set

             ,1,0,1,0,0,1:= 2, jDuuuuWuu Tp D

and the functional    R0,1: 2, pWJ  defined by 

             ,0,1,1,0,1,0:= 2, pT WuuuuujuJ 
whose effective domain is   .= DJD

Obviously, D  since    jDT 0,0,0,0 , so J  is proper, convex and l.s.c.

The following two constants, 
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and
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,1=:inflim:=

1
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will be very important in the sequel. It is easily seen that 11   , but in general .< 11 
We are going to apply the variational approach developed in Motreanu and 

Panagiotopoulos [9] to the functional 

     ,,
1

:=)(
1

0

1

0

uJdtutFdtubuau
p

uI ppp   (12)

to obtain existence of solutions to problem (1)-(2).
Our main results are included in the following two theorems.
Theorem 1.1.  Assume  1H  and  .2H  If, in addition,

 L
 

,<
,

limsup 1

px

xtF
p

x




(13)

uniformly for a.a. (0,1)t , then problem (1)-(2) has at least a solution.

Next, suppose that function F  satisfies

 0L
 

,<
,

limsup 1

0 px

xtF
p

x




uniformly for a.e. (0,1).t  Then,  ,00 tF  for a.a.  ,0,1t  so in this case   0tu  is 

a solution of problem (1)-(2). Thus it is reasonable to investigate the existence of nonzero 
solutions of problem (1)-(2). We have

Theorem 1.2. Assume that 0>1  and that  0L ,  1H , and  2H  are fulfilled. 

Suppose, in addition, that  jD  is closed,     TT j 0,0,0,00,0,0,0  , and either  G  or 

 pG  L  hold, where

 G   there exist constants ,> p  and 0>,Mk , such that 



MATHEMATICS

PR O C E E D I N G S O F THE UN I O N O F SCI E N TIS TS – RU S E V O L. 7 / 2010
17

     ,,; jDzkzjzzj   (14)

   ,,,,<0 xtFxxtF   (15)

for all (0,1),a.a.and,> tMx  pG  there exist positive constants Mkc ,,  such that

     ,,; jDzkzpjzzj  (16)

   ,,,,<0
1

xtFxxtF
x

c
p

p









   (17)

for all ,> Mx and a.a.  (0,1)t , and

 L
 

,>
,

liminf
1

px

xtF
px




(18)

uniformly for a.e. (0,1).t
Then problem (1)-(2) has a nonzero solution. 

PRELIMINARIES
Let X  be a Banach space and let   be a locally Lipschitz function defined on .X

Denote by  vu;0  the generalized directional derivative of   at point Xu  in the 

direction Xv , 

     
,limsup:=;

0,

0

s

wsvw
vu

suw






and by  u  the generalized gradient of Clarke, 

    .,,;:= 0 XvvvuXu   
Let   be as above and let   ,: X  be a proper, convex and l.s.c. 

function. We recall that an element Xu  is a critical point of a functional I  of the form 
,= I

if the following inequality holds

      .0,;0 Xvuvuvu  
A number Rc  such that  cI 1  contains a critical point is called a critical value of .I

Definition 2.1. The functional I  is said to satisfy the Palais-Smale condition if 
every sequence   Xun   for which  nuI  is bounded and 

      ,,;0 Xvuvuvuvu nnnnn   (19)

for a sequence   Rn  with 0,n  possesses a convergent subsequence. 

We use the following generalized mountain pass result which can be found in [9] 
(see also [7]).

Theorem 2.1. (Mountain Pass)  Suppose that I  satisfies the Palais-Smale
condition,   0=0I  and

 i  there exist , 0>  such that   uI  if ,= u
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 ii   0eI  for some ,Xe  with .> e

Then the number 

 
  ,supinf=

0,1
tIc

t


 

where
       ,=10,=0:,0,1= eXC  

is a critical value of I  with .c
In what follows, our space will be (0,1)= 2, pWX . Define the convex functional 

     
 

 ,1
=

1
=:

0,12,

1

0

uJu
p

uJdtuuu
p

u p
pW

ppp 

whose effective domain is D=)(D , and

       ,0,1,,:= 2,
1

0

pWuudtutFu    (20)

where

           .11
1

:=
1

0

dttubtua
p

u pp 

Obviously,   is proper, convex and l.s.c., while   R,0,12,1 pWC , and

                   .11=, 22
1

0

dttvtutubtvtutuavu pp   

We first state without proof some auxiliary results.

Proposition 2.1. Assume that   RR0,1:F  satisfies  1H  and let   be 

defined by (20). Then )(  is locally Lipschitz. Moreover, if  0,12, pWu  and  ul 
then there is some  0,11Lul   such that     tutFtul ,  for a.a.  0,1t , and

                     ,11=, 22
1

0

dttvtutubtvtutuatvtuvl pp
l

  (21)

for all  0,12, pWv . Here ,  denotes the duality pairing in  .0,12, pW

Now, let the functional I  be defined by (12). Obviously,    .=)( uuuI 

Theorem 2.2. Assume that   RR0,1:F  satisfies  1H  and let  .0,12, pWu
If u  is a critical point of functional I , then u  is a solution of problem (1)-(2). 

Lemma 2.1  Define 1  by (10). Then .>1   Moreover, if 0,>1  then there 

exists a constant 0>m  such that

 
 

.,
0,12,

1

0
D uumdtubuau p

pW

ppp

Lemma 2.2. Assume  1H  holds, 0>1 , and either  G  or  pG  holds. If, in 

addition,  jD  is closed, then functional I  satisfies the Palais-Smale condition. 
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Proof of Theorem 1.2. when case  G  holds. We will apply Theorem 2.1. First of 

all, according to Lemma 2.2, I  satisfies the Palais-Smale condition.

Next, we can assume without any loss of generality that    0=0,0,0,0 Tj . Since 

 ,(0,0,0,0)(0,0,0,0) TT j  we have     0=0JuJ   and so in particular   0.=0I  Now, 

we will prove that there exist 0>  and   0>  such that   uI  for  0,12, pWu
with =u , where   denotes the norm of (0,1)2, pW . Indeed, if u=  is small 

enough, then by   udtu   for some constant ,d  and by 

  ,,, 1 



 xx

p
xtF

p

for some constants 0>  and 0,>  we have 

    ,
1 1

0

1
1

0

ppppp umdtu
p

dtubuau
p

uI 


 


for some constant 0.>m  Here, we have used the inequality 

   ,
1

0
1

1

0

dtudtubuau pppp
  

as well as Lemma 2.1 for b  replaced with   1b .

Finally, we have to find an  0,12, pWe  such that 

  .>and0 eeI  (22)

The mapping  sxtFss ,  is locally Lipschitz for a.a.  ,0,1t  so we have for 

each 0>s
         sxtFssxtFssxtFs sss ,,,   

    .,,= 1 sxtFsxsxtFs  

Let ,> Mx  where M  is the constant which appear in the statement of the theorem. 

Given ,<1 sr  by Lebourg's mean value theorem and assumption (15), there exist 

 sr,  and    ,,
=


s

s sxtFs 0,  such that 

      0,=,,   rsrxtFrsxtFs   i.e.,

      1.,>,0,1a.a.for,,,  sMxtxtFssxtF 

Now, let (0,1)0
Ch  be such that Mh >  on a set with positive measure. Then, 

 
 

 
 

 dtshtFdtshtFdtshtF
MshMsh

,,=,
>

1

0





 
    ,,

1

0>

dttMdthtFs M
Mh

  

for all 1.s  We have   0=shJ  for each s , thus

     dtshtFdthbhah
p

s
shI ppp

p

,=
1

0

1

0
 
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 
 

   dttMdthtFsdthbhah
p

s
M

Mh

ppp
p

  
1

0>

1

0

,

for all 1,s  i.e., 

  ,as,321  skksksshI p 

with 0.>,, 321 kkk  Therefore, we can choose 0s  sufficiently large such that   00 hsI  and 

.>0 hs  Then hse 0:=  satisfies conditions (22).   

AN EXAMPLE
We present an example for the case 2.=p  Consider the boundary value problem

 ,= uFuiv  (23)

        0,=1=1=0=0 uuuu  (24)

where   ,
2

=
1

2 xex
c

xF


0.>c  It is easily seen that 

  xe
x

xcxF
1

2

sgn
=









 

and we can choose    0=,,, 4321
Txxxxj , if 0==== 4321 xxxx , and = , otherwise.

Obviously, functions j  and F  satisfy assumptions (16), (17), and 
 

/2=lim
2||

c
x

xF
x 

. 

Note that 0>= 11  . In fact, 1  is the first eigenvalue of the clamped beam operator.

If ,1c  then  JDu , 

  ,
2

1
=

1

2
1

0

2
1

0














 dteucdtuuI u

and 
 ,;=0 uuI 

  dte
u

ucdtudtuu u

1

2
1

0

2
1

0
1

2
1

2
1

0 2
=









   

0,
2

1
11

1

2
1

0























 dte
u

uc u

where  uuI ;  is the directional derivative of I  at u  in the direction u . It follows that 
problem (23)-(24) has only the null solution.

If ,> 1c  then Theorem 1.2. guarantees the existence of at least one nonzero 

solution.
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