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MATHEMATICS

ON A FOURTH ORDER DIFFERENTIAL INCLUSION
INVOLVING p-BIHARMONIC OPERATOR

Tihomir Gyulov', Gheorghe Morosanu?®
7Angel Kanchev University of Ruse, 2Central European University, Budapest, Hungary

Abstract: A fourth order boundary value problem associated with the p-biharmonic operator is
considered, where p>1. It models various problems in the theory of elasticity, e.q. the shape of an elastic
beam where the bending moment depends on the curvature as a power function with exponent p-1. The
results presented here concern the existence of solutions satisfying a quite general boundary condition.

Keywords: bi-p-Laplacian, differential inclusion, generalized Clarke gradient, non-smooth critical
point theory.

INTRODUCTION
In this paper we investigate the following fourth order differential inclusion
Qu"[p_zu”) —aQu'|p_2u') +Blu|”u € OF (t,u), (1)

(") () + au'(0)7 7' (0) | (u(0)

!

(w1 ur) O=dlu )7 u1) | "D | @)

' (0)"u"(0) «10)

(1) u(1) vl
where a and b are given constants, p>1 and functions F', j satisfy the following
assumptions:

(H,) F(t,£):(0,)xR—>R is a Carathéodory mapping, satisfying in addition
F(t,0)=0 for a.a. t(0,1), as well as the Lipschitz condition: V>0, there is an
a, eLl(O,l), such that, fora.a. 1 €(0,1) and all x, y with y‘ <p,

’F(t,x)— F(t,y){ < ap(t)‘x—y

(Hz) Function j:R4 —)(— oo,+oo] is proper, convex and lower semicontinuous

(I.s.c), such that (O,O,O,O)TeD(j). Here éF(t,f) denotes the generalized Clarke

gradient (see [1]) of F(t,-) at £ eR, while gj stands for the subdifferential of ;.

A classical fourth order equation arising in the beam-column theory is the following
(see Timoshenko and Gere [10])

X

5

b

4 2
EI d—ff + Pd—L; =g, 3)
dx dx
where u is the lateral deflection, ¢ is the intensity of a distributed lateral load, P is the
axial compressive force applied to the beam and EI represents the flexural rigidity in the
plane of bending. Equation (3) is derived from the static equilibrium equations for any slice
at distance x along the beam, namely the equilibrium of forces reads

dVv
== 4
I (4)

where V' is the shearing force and the equilibrium of moments is described by the
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equation
V="""-P", ()

where M denotes the bending moment. It is assumed that the bending moment depends
linearly on the curvature. It can be expressed (if the higher order terms are neglected) as
follows
2
E]d—bj -_M. (6)
dx
Let a more general condition is assumed, that the bending moments depend as a power

function of the curvature with exponent p—1, i.e.
du|” &
u u

M=—c—~ —,
dx

dx? (7

14

where ¢ is a constant. Then the presence of the term ([u"]pizu") in (1) is justified if we
assume (7) instead of (6) when equation (3) is derived. If p =2, then (7) coincides with (6)

where ¢ = EI. We obtain results that extend our previous ones presented in [5] for the
case p =12.
Another equation that motivates the studied problem is the following one

Dw" + N w'+Eh—~=gq,  te(0,1), (8)
a

which models the radial deflection w for symmetrical buckling of a cylindrical shell under
uniform axial compression N _ (see [10], p. 457, [9]).

The applied lateral load ¢ in (3) or (8) may be presented as the reaction of a
support, which generally depends nonlinearly on the deflection (see [2]-[5], [8]-[9]),

q(t)= f(t.ult))

q(t) € éF(t,u(t)),

for some function F° (when the nonlinearity in Eq. (1) has some jumps, e.g., the case of
adhesive support, see [9]).

Condition (2) provides a general framework for different types of boundary
conditions (see [6]). For example, the functional

. _ | 0 X =x,x=x,
e xy,%5,%,) )=

corresponds to periodic conditions u(i)(0)=u(i)(1),i=0,1,2,3, while the case of simply
supported endpoints, i.e., u(0)=u(1)=u"(0)=u"(1) = 0, can be obtained by choosing

j((x19x2>x3>x4)T):: o nm .:O’
+ 00, otherwise.

In this paper we investigate the existence of solutions to problem (1)-(2). By a
solution of this problem we mean a function u € W *”(0,1) such that

4

([u"]pizu") e AC([0,1],R), and u satisfies (2) and for a.a. ¢ €(0,1)

or, more generally,

+ 00, otherwise,
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("2 u0) a2 (0)) + e} u(e) € 3F (). )
Consider the set
D ={u:u e > (0,1), (u(0),u(1),'(0).u'(1))" e D(j)}
and the functional J : W>?(0,1) > R U {+ o} defined by
J() = j(((0),u(1),u'(0),u’ (1)) Vuew?>(0,1),
whose effective domain is D(J)=D.

Obviously, D =@ since (0,0,0,0)" € D(j), so J is proper, convex and I.s.c.
The following two constants,

L [ +alu'?” +Bluf” )dr
=inf . :ueD\ {0}, (10)
Lz
and
A= liminf{r([u"|p +alu'|” +b\u\p)dt+M:Hu||p =1} (11)
s—o0 rueD | 90 r? P ’

rzs

will be very important in the sequel. It is easily seen that 4, < Zl, but in general A, < A

We are going to apply the variational approach developed in Motreanu and
Panagiotopoulos [9] to the functional

1 1 1
1u)y:==[(u")” +alu’)? +blu)” e — [F(t,u)dt + T (u), (12)
0 0
to obtain existence of solutions to problem (1)-(2).
Our main results are included in the following two theorems.

Theorem 1.1. Assume (H,) and (H ) ) If, in addition,
(L) limsup

uniformly for a.a. t € (0,1), then problem (1)-(2) has at least a solution.
Next, suppose that function F' satisfies

(t) fimsup £ 5) < A,
x—0 ’x’ P
uniformly for a.e. £ € (0,1). Then, 0 € dF(1,0) for a.a. t € (0,1), so in this case u(¢)=0 is

a solution of problem (1)-(2). Thus it is reasonable to investigate the existence of nonzero
solutions of problem (1)-(2). We have

Theorem 1.2. Assume that A, >0 and that (LO), (Hl), and (Hz) are fulfilled.
Suppose, in addition, that D(j) is closed, (O,O,O,O)T € @]’((O,O,O,O)T ) and either (G,) or
(Gp)— (Zw) hold, where

(G,) there exist constants 6 > p, and k,M >0, such that
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j'(z;2)<6(z)+k, Vz e D(j), (14)
0<OF(1,x)< &, VEeoF(t,x), (15)
forall |x|> M, anda.a.te(0,1), (G p) there exist positive constants c,k,M such that
J'(z2)<pi(2)+k,  VzeD()), (16)
c _
0<[p+|xp1 JF(t,x)Sﬁx, V& edF(t,x), (17)

for all ]x] >M, anda.a. te(0,1),and
(z.) 1i|mian—

uniformly for a.e. t € (0,1).
Then problem (1)-(2) has a nonzero solution.

PRELIMINARIES
Let X be a Banach space and let @ be a locally Lipschitz function defined on X.

Denote by (Do(u;v) the generalized directional derivative of ® at point u € X in the
direction ve X,
. O(w+sv)-D
@° (u;v) = limsup (w+sv) (W),

w—u,s30 )

and by éd(u) the generalized gradient of Clarke,
oD (u) = {77 e X : @ (u;v)>(n,v),Vve X}.
Let @ be as above and let v : X — (— oo,+oo] be a proper, convex and l.s.c.
function. We recall that an element u € X is a critical point of a functional / of the form
I=D+y,
if the following inequality holds
O (u;v—u)+y(v)-w()=0, VvelX.
A number ¢ € R such that [’l(c) contains a critical point is called a critical value of 1.

Definition 2.1. The functional [ is said to satisfy the Palais-Smale condition if
every sequence {un } c X for which I(u,) is bounded and

O (u,;v—u,)+y(v)—w(u,)=—¢|v-u,l, VveX, (19)

for a sequence {¢,} cR" with ¢, — 0, possesses a convergent subsequence.

We use the following generalized mountain pass result which can be found in [9]
(see also [7]).

Theorem 2.1. (Mountain Pass) Suppose that [ satisfies the Palais-Smale
condition, 1(0)=0 and

(i) there exist z, p >0 such that I(u)>a if ”u” =P,
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(ii) I(e)<0 for some eec X, with ”e” > p.

Then the number
¢ =inf sup I(y(¢)),

el 1efo,1]
where
r={yeC(0,1Lx):7(0)=0,y(1)=e},
is a critical value of I with ¢ > c.

In what follows, our space will be X =W?>”(0,1). Define the convex functional
1

1 " ! 1
= [+l el Moo+ T =y, )

0
whose effective domain is D(y) =D, and

D(u):= —jF(t,u)dt +ou), uew?(0,1), (20)
where 0

go(u):=%j-((a D)+ (b - Do)

Obviously, i is proper, convex and |.s.c., while ¢ € C'(#>7(0,1),R), and

(@'(u),v)= Jl-((a Dl ()" u' (e W' (2) + (b= Dju(e) u(t)v(t))dt.

0

We first state without proof some auxiliary results.

Proposition 2.1. Assume that F:[0,1]JxR - R satisfies (H,) and let ® be
defined by (20). Then ®(") is locally Lipschitz. Moreover, if u € W*?(0,1) and I € 6®(u)
then there is some u, € L'(0,1) such that u,(t) < éF(t,u(t)) for a.a. t €(0,1), and

{L,v)= j(— u (O(e)+ (=Dl (O 2 (e () + (b= Vfule ) ulew(O))de, — (21)

0
for all ve W>*(0,1). Here <,> denotes the duality pairing in W*(0,1).

Now, let the functional I be defined by (12). Obviously, I(x)=®(u)+w(u).
Theorem 2.2. Assume that F :[0,1]xR - R satisfies (H,) and let u e W**(0,1).
If u is a critical point of functional I, then u is a solution of problem (1)-(2).

Lemma 2.1 Define A, by (10). Then A, >—oo. Moreover, if A, >0, then there
exists a constant m > 0 such that

[ +al? + B )de 2 mll?,,,,» VueD.

Lemma 2.2. Assume (H,) holds, J,>0, and either (G,) or (Gp) holds. If, in

addition, D( J ) is closed, then functional I satisfies the Palais-Smale condition.
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Proof of Theorem 1.2. when case (Gb.,) holds. We will apply Theorem 2.1. First of
all, according to Lemma 2.2, [ satisfies the Palais-Smale condition.
Next, we can assume without any loss of generality that j((O,O,O,O)T)= 0. Since

(0,0,0,0)" e@j((O,O,O,O)T ), we have J(u)z J(O)= 0 and so in particular I(O)= 0. Now,
we will prove that there exist p>0 and a(p)>0 such that I(x)>a for Yu e W>*(0,1)
with [u|=p, where |-| denotes the norm of W?*”(0,1). Indeed, if p=u| is small

enough, then by ‘u(t){ < dHu” for some constant d, and by
F(t,x)s A _G’x

pP
for some constants o >0 and 6 >0, we have

1 P
1) > [ + al?” + bl Mt~ 2= [l it > ]
Po 0

. vd<s,

for some constant m > (. Here, we have used the inequality
1

1
[ +alu'? + (b~ 2 + 0Nl Yt 2 o [l dt,
0 0
as well as Lemma 2.1 for b replaced with b— 4, + o .

Finally, we have to find an e € W>*(0,1) such that
I(e)<0 and |¢|> p. (22)
The mapping s> s °F(¢,sx) is locally Lipschitz for a.a. ¢ €(0,1), so we have for
each s >0

3, (s P F(t,5x)) < 0, (s )F (2,5x) + s 0, (F (¢,5x))

=5 (— OF (t,sx) + sxéF(t,sx))
Let ‘x’ > M, where M is the constant which appear in the statement of the theorem.
Given 1<r<s, by Lebourg's mean value theorem and assumption (15), there exist
re(r,s) and &b, (SHF(t,sx)]”, £=>0, such that
sUF(t,sx)—rF(t,rx)=&(s—r)>0, ie.,

F(t,sx)>s°F(t,x), foraa.te[0,1], V[x>M, s>1.
Now, let 2 € C; (0,1) be such that ]h’ > M on a set with positive measure. Then,

[Flesh)di= | Floshidis | Fle.sh)ds

s>} sl

1
>s" [ F(t,h)dt— M [a,(1)dt,
0

)

for all s >1. We have J(s%)=0 for each s, thus

SP 1 1
1(sh)="=[(n")" +aln')” +b|H" Mt — [F(¢,5h)dt
P o 0
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p

<S (W) alp? B M —s® | F (e R+ M o, (1)
0 0

s
p Y
forall s >1, i.e.,
I(sh)<s’k, — sk, +k, > -, as s—> o,
with k,,k,,k, > 0. Therefore, we can choose s, sufficiently large such that (s,2)<0 and

HSOhH > p. Then e:=s,h satisfies conditions (22).

AN EXAMPLE

We present an example for the case p = 2. Consider the boundary value problem
u” =F'(u), (23)
u(0)=u'(0)=u(l)=u'(1)=0, (24)

|

, ¢>0. ltis easily seen that
sgnx) T
F'(x)= c(x 438 je ol
2
and we can choose j((xl,xz,x3,x4)T)= 0,if x,=x,=x,=x,=0, and = +o0, otherwise.

F(x)

2

where F(x) = %xze

=c/2.

Obviously, functions j and F' satisfy assumptions (16), (17), and lim

Ix‘—)oo X
Note that 4, = A, > 0. In fact, /, is the first eigenvalue of the clamped beam operator.
If ¢c< A, then Yu e D(J),

1 I
I(u)=l ju"zdt—cjuze |,
2 0 0

and
0=1I"(u;u),

4

_t
:j(urrz _ﬂluz)dt.pﬂqjuzdt_cvl[(uz +_)e Mdt
0 0 0 2

1 _t
ch‘uz 1- 1+L e dt >0,
) 2lul

where I'(u;u) is the directional derivative of I at u in the direction u. It follows that
problem (23)-(24) has only the null solution.

If ¢>A,, then Theorem 1.2. guarantees the existence of at least one nonzero
solution.
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BbPXY EAHO OUWD®EPEHUMWAIIHO BKITIOUYBAHE OT
YETBBPTU PEQl C p-BUXAPMOHUYEH OINEPATOP

Tuxomup Monos', Feopre MopoluaHy?

1PyceHCKu yHusepcumem, 2| leHmpanHoesponelicku yHusepcumem, bydanewa, YHaapusi

Pe3rome: PasznedaHa e epaHu4yHa 3adaya om 4yemebpmu peld, eKYsawa p-buxapMOHUYEH
onepamop, kbOemo p>1. Ta e momuegupaHa om pasnuyHu rnpobnemu 8 meopusima Ha efacmuyHocmma,
Hanpumep, modesi Ha eflacmuyHa 2peda, 8 criydasi Koeamo MOMEHMBbM Ha O2b8aHe 3asucuU HesluHelHO,
Kamo cmerneHHa OyHKUUS, ¢ nokazamen p-1, om KkpusuHama. [lpedcmaseHume pesynmamu ce omHacsam
00 cbwecmeysaHe Ha peweHus, ydogsriemeopsisauju 2paHu4YHU ycrioeusi om obw; suo.

Knroyosu Aymu: 6u-p-flannacuaH, dughepeHyuanHo eknoysaHe, obobuweH epadueHm Ha Knapk,
meopusi 3a KpUMUYHU MOYKU Ha Heanaoku ¢yHKUUU.
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