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MATHEMATICS

MEAN VALUE THEOREMS IN DISCRETE CALCULUS
Meline Onik Aprahamian

Technical University of Varna, Department of Mathematics and Foreign Languages

Abstract: Discrete analogues of some basic theorems of differential calculus such as Rolle's theorem,
Lagrange's and Cauchy's Theorems, L'Hospital's rule are presented and proved in the paper. The discrete
Lagrange's theorem is applied to an eigenvalue problem for p - difference equations.

Keywords: Discrete functions, Rolle's theorem, Cauchy's theorem, Mean value theorem, finite
differences, difference calculus.

INTRODUCTION

In recent years there has been an increasing interest in calculus of finite differences
and discrete boundary value problems. There are several reasons for this. The advent of
high speed computers and the need of a technique for (approximate) differentiation of
functions employing arithmetic operations only have led to a need for fundamental
knowledge of difference calculus. The modelling of certain nonlinear problems from
biological neural networks, economics, optimal control and other areas of study have led to
the rapid development of the theory of difference equations (see the monographs [1], [2]).

There is a remarkable analogy of the theory of finite differences to that of differential
and integral calculus and differential equations. Note, however, that quantum results hold
in general for functions which are necessarily continuous unlike in discrete calculus. In
view of the importance of the Mean Value Theorem (MVT) in numerical methods and
theory of critical points we are going to discuss the discrete versions of the basic theorems
of differential calculus, such as Rolle's theorem, Cauchy's theorem and L'Hospital's Rule.
We present an application of the discrete version of the MVT to p - difference equations.

NOTATIONS AND DEFINITIONS.

We shall use the following notations: N, ={0,1,2,3..} the set of natural numbers
including zero, [a, b]:{a,a+1,a+2,...,b—l,b}, where a,beN,. Let x(t) be a discrete real
function of the variable t € N,. The forward difference operator A is defined by

AX(t) = x(t +1) — x(t),

and the backward difference operator V is defined by
VX(t) = x(t) — x(t -1) = Ax(t -1).

We also define the operator A x(t)=Ag,x(t), where gop(t):tltlp’z, p>1. It is
obvious that ¢, (t) has the following properties:
1. 9, (1) =0,t) o, (t,).
/1p‘1¢p(t), A>0
-1, (1), A=-u<0.
3. A X(t) = A X(t) = o, X(t+1) — @ X(t) .

Local extrema. Discrete Analogues of the Mean Value Theorems.
Let x(t) be a discrete real function defined on [a, b]JcN, a>b and

{k -1, k, k+L}c[a+1, b—1] be three consecutive natural numbers.
Definition 1. The number k e[a+1, b—1] is said to be a critical point of x(t) if

2. p,(A)=9,(1)p,(1) {
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(1) Ax(k) Ax(k-1) <0, i.e. Ax(k)Vx(k)<0.

Definition 2. The number k e[k-1, k+1]c[a+1 b-1] is said to be a local maximum (or
local minimum) of the function x(t), defined on [a, b]< N, if

(2) X(k) > max{x(k -1), x(k+1} (resp. x(k) <min{x(k-1), x(k +1)}).

The local maximum (local minimum) is said to be strict, if inequality (2) is strict. Hence,

when k is a local extremum, which means local maximum or local minimum, inequality (1)
holds, i.e. k is a critical point of x(t).

b Figure 1
" a) ) )
. . * —
: E i : i xk) |
k-1 k kb1 © k-1 k k+1 k-1 k k+1
X(t d) e) f) 9)
AN / * \
k-1 k kb1 T ke k k+1 k-1 k k+1 k-1 k k+1

In the case of:

- strict extremum (figure 1 - a, b), (1) holds with strict inequality;

- local minimum (figure 1 - d, e) and local maximum (figure 1 - f, g) one of the
factors of (1) equals zero and in case 1-c both of them are equal to zero.
Theorem 1. Discrete analogue of Rolle's theorem. If x(a)=x(b) and x(t) is a scalar

function defined on [a, b]:{a,a+1,a+2,...,b—l, b}c N,, then there exists a local

extremum point k e[a+1, b—1], where b—a>2.
Proof: Let us assume the contrary statement is true, i.e. x(a)=x(b) and there exists no
local extremum point k e[a+1, b—1]. Then Ax(t)Ax(t—1) >0 forevery t=a+1,a+2,.., b-1.
Hence, any two consecutive differences have the same sign:
(x(@+2) — x(a+1))(x(a+1) — x(a))>0,
(x(@a+3)—-x(a+2))(x(a+2)-x(a+1))>0,
(x(b) — x(b-1) )( x(b—1) - x(b—2) )>0.
Let x(a+1) — x(a) >0.
Then
x(a+2)—x(a+1)>0,
x(a+3)—x(a+2)>0,
x(b-1)-x(b-2) >0,
x(b) - x(b-1)>0.
IPROCEEDINGS OF THE UNION OF SCIENTISTS — RUSE VOL. 8 / 2011]
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Summing the above inequalities, we find x(b)—x(a) >0, i.e. x(b) > x(a). In a similar way, in
case x(a+1)—x(a)<0 we obtain x(b)<x(a). We get a contradiction with the condition
x(a) = x(b) of the assumption. Thus there exists a local extremum point k e[a+1, b-1] .o

Definition 3. The point ke[a+1 b-1]is said to be a local p-extremum point of the
function x(t), te[a, bl N, if
A x(k) A, x(k-1) <0.

Lemma . Let x(t) be a function defined on [a, b]c N,. A point k e[a+1, b-1] is a local p-
extremum point of the function if and only if k is a local extremum point of x(t).
Proof. Let k be a local p-extremum point of the function x(t) and the inequality
A x(k)A x(k-1) <0. holds, i.e.

(@px(k +1) — @ x(k)) (2, x(k) — @, x(k —1)) < 0.
Case 1: Let ¢ x(k+1)-¢,x(k)20 and ¢ x(k)-p,x(k-1)<0. Since ¢yis a strictly
increasing function it follows that x(k+1)>x(k) and x(k)<x(k-1). Hence
Ax(k) Ax(k -1) <0.
Case 2: ¢ x(k+1))-¢,x(k)<0 and ¢ x(k)-¢,x(k-1)>0. Similarly to the first case we get
AX(k) Ax(k-1)<0.o
Likewise we prove the reversed statement.

Corollary 1. Let x(t):[a, b] > R be a discrete function and x(a) = x(b). Then there exists a
p -local extremum point k e[a+1, b—-1].

Theorem 2. Mean Value Theorem (Discrete analogue of Lagrange's theorem)
Let x(t) be a discrete valued function, defined on [a, bJc N,. Then there exists a

ke[a+1, b—1], such that
(3) (Ax(k) _MJ( Ax(k ~1)— X(bg - X(a)J <0.

Note, that the latter inequality implies that either
Ax(K) > M > Ax(k=1) or Ax(K) < M < Ax(k -1).
-a -a

Proof. Let
v(k) = x(k)—M(k _a).
-a
Then v(a)=v(b)=x(a). By Rolle's theorem there exists ke[a+1 b-1], such that
AV(k) Av(k —1) <0 . Hence result (3) follows.o

Corollary 2. Let x(t) be a discrete function, defined on [a, b]c N, and M = max{| Ax(k) |},
where k e[a, b-1]. Then,

x(b) —x(a)
b—a
Theorem 3. Discrete analogue of Cauchy's theorem. Let x(t), y(t), te[a, b] be two
discrete functions, and y(t) be strictly monotonous for any t €[a, b-1], (Ay(t) >0 for any t

or Ay(t) <0). Then there exists k e[a+1, b—1], such that

<M.
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[Ax(k) _ x(b)—x(a) j( Ax(k-1)  x(b)-x(a) j <0 ie.
Ay(k) y(b)-y(@) )\ Ay(k-1) yb)-y(@))
Ax(k -1) < x(b) —x(a) < AX(K)
Ay(k-1) " y(b)-y(@)  Ay(k)’

or
Ax(k -1) S x(b) —x(a) S AX(Kk)
Ay(k-1) y(b)-y@ Ayk)
x(b)—x(a)
y(b)-y(a)
w(t) = x(t) - A(y(t) - y(a)).
Then w(a) =w(b) = x(a) . By Rolle’s theorem there existsk e[a+1, b—1], such that
(Ax(k) — AAy(k))(Ax(k —1) - AAy(k —1)) <0.
Dividing both sides by Ay(k)Ay(k -1) >0 we get

[Ax(k) _Aj(Ax(k—l) _AJ <o
Ay(k) Ay(k-1)

[Ax(k) _ x(b)—x(a) j( Ax(k-1)  x(b)-x(a) j <0

Ay(k) y(b)—-y(@) )\ Ay(k-1) y(b)-y(a)

Theorem 4. Discrete L'Hospital's Rule.

Let x(k), y(t), te[l,) be two discrete functions, such that
imx() = lim y() = 0

Proof. Let us denote A= and define an additional function

Thus,

and assume there exists a number n,, such that for any n>n,
4) Ay(n) <0, y(n)>0.

Then, if the limit lim——= Ax(M) = exists, it follows that ¢ =lim—=% X(t)
t>m Al y( ) t—om y(t)

Proof. Let £>0 and neN. Take n_>n such that |[x(n,)|<e and |y(n)|<e neN. By
Cauchy’s theorem there exists k, e[n+1, n_-1]:
[Ax(kn) B x(n)—x(ng)j[Ax(k ~1)  x(n)-x(n, )j
Ay(k,) y(n)-y(n,) L ay(k,=1) y(n)-y(n,)

By | x(n,)|<e, | y(n,)|< e, inequalities (4) and because k, -« as n— o, we have that
x(n)—¢ _ x(n)—x(n,) _ Ax(k,)
y(m+e  ym)-y(n,) Ay(k,)

Since & >0 is arbitrary small, we get

X(n) _
5 lim
©) " y(n)

—C, as N> o,

Similarly,
x(n)+¢& S x(n)—x(n,) S Ax(k, -1

y(n)—¢ y(n)+y(n,) Ayk,-1)

—>C, as N — w.

Hence,

x() o
6 li
©) o y(n)
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Thus, using inequalities (5) and (6) we obtain

csli_mx(n) Sﬁx(n) <t = Iim@:
e Y(n) == y(n) "= v(n)

AN APPLICATION OF MEAN VALUE THEOREM TO p- DIFFERENCE

EQUATION.
We apply the discrete version of the Mean Value Theorem to an eigenvalue
problem of a p - difference equation. The second order quasilinear difference equation for

p+1 is studied in [3].
Consider the eigenvalue problem
(7) A, (Ax(n=1)))+ 29, (Ax(n)) =0,
where a,be N, ne[a-1 b], ¢, () =t|t]"?, p>1.
Our main result is

Theorem 5. Suppose that 4 >0 is an eigenvalue of the difference equation (7), with the
corresponding nontrivial solution {x(n)}, x(n) >0 for any ne[a, b—1], and either

(a) Ax(a-1)>0, Ax(a)<0 and x(b-1)> 0, x(b) =0, or
(b) x(a-1)=0, x(@)>0 and Ax(b-2)>0, Ax(b-1)<0.
Then,

C.

1
(b-a)"
Proof. Suppose case (a) holds (Figure 2— a) and let
r=max{s: Ax(s—-1) >0, Ax(s)<0, se[a, b-1]}.

A>

Figure 2
a) b)
° ()
‘///*\\\‘. L4 Y PY i .'///*\\\\
a-1 a a+1 b-1 b a-1 a b-2 b-1 b

Hence, Ax(n—-1)<0 for ne[r+1 b],and x(n)>0 forany ne[a, b]. Then
(8) A, (Ax(n-1))) = -2 ¢, (AX(n))<0.
Since A(gp, (Ax(n-1))) =g, (AX(n))—@, (AX(n-1))<0, it follows that ~Ax(n)<Ax(n—1) or
—Ax(n) > -Ax(n—1) and the sequence {Ax(n)} is non-increasing. Since Ax(n-1) <0, x(n) is
decreasing for ne[r, b].

By Lagrange's theorem there exists a k €[r +1, b],

—x(r) _ x(0)-x(r) | Ax(k —1) > Ax(b-1),
b-r b—r

which implies
& < —Ax(b-1).
b-r

Therefore

IPROCEEDINGS OF THE UNION OF SCIENTISTS — RUSE VOL. 8 / 2011]
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€) EE)((—E)r;_p_l < (-ax(0-)"" = -p,(x(b-1)).

From (8) for any ne([r, b] and x(n)>0, we have
Ap, (AX(r=1))=-1¢,(X(r)) :—;t(x(r))pfl

A, ( Mx(b—2)) =2 ¢, (x(b-1)) =-A(x(b-1))""
Summing the equalities above we obtain
0, (Ax(0-1) ) -, (Ax(r-1))=-2> (x(k))"", i.e.

1

0y (AX(T=1))=p, (Mx(b-D)) = 2 X (x(K)"".

Since AX(r—1)>0 and ¢, (AX(r—1)) = Ax(r —1)| Ax(r —1) |"_2 >0, we have
~¢, ( Ax(b-1) )</1§(x(r))p'l:i(x(r))p'l:z_?l
= A(x(r))"" (b-1-r+1)
=2(x(r))"" (b-r),
(10) —, (Ax(b-1) )< 2(x(r))" " (b-r).
Now, by (9) and (10), we get

(x(r)™"

br) <=y (Ax(b=1)) < 2(x(r))" " (b-r).

Thus, we conclude that
1 1

< < Ao
(b-a)* (b-r)”
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TEOPEMW 3A CPEOHUTE CTOMHOCTU B AUDEPEHYHOTO CMATAHE

MenunHe OHukK AnpaxamsiH
TexHu4yecku yHugepcumem - BapHa

Pe3rome: B ma3u cmamus ca npedcmageHu u Ooka3aHU OUCKPemHU aHaso3u Ha HSKOU OCHOBHU
meopemu Ha OugepeHuuarHomo cmsmaHe - meopemume Ha Pon, JlagpaHx, Kowu, Jlonumarn.
HuckpemHusm eapuaHm Ha meopemama Ha JlazpaHxX e rnpunoxeH KbM 3aldaya 3a cobcmeeHume

cmoUHOCMU Ha p - QUEPEHYHO ypasHEeHUE.

Knroyoeu dymu: [uckpemHu ¢byHKyuuU, OughepeHYHO cMmsimaHe, meopema Ha Pon, meopema Ha

Kowu, meopemu 3a cpedHume cmotiHocmu.
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