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MATHEMATICAL MODELS OF INTERFACE PROBLEMS FOR STEADY-
UNSTEADY HEAT CONDUCTION

Ivanka Angelova

Angel Kanchev University of Ruse

Abstract: We study mathematical models describing non-stationary heat conduction in two bodies
separated by steady conductor (isolation). These problems are related to parabolic equations with
discontinuous coefficients and concentrated sources. As a result across the interfaces contact (jump)
conditions arise. It is proved that this problem can be reduced to a variational problem. An asymptotic
analysis of the interface problem is derived for the case when the thickness of the isolation tends to zero. As
a result a new parabolic interface problem with non-ideal contact conditions is derived.

Keywords: Heat conduction, interface, contact conditions, elliptic and parabolic equations,
asymptotical analysis

INTRODUCTION

There are two main reasons for coupling different models in different regions: the first
are problems where the physics is different in different regions [2, 3, 7], and hence
different models need to be used, for example in steady-unsteady heat conduction
coupling. The second are problems where one is in principle interested in the full physical
model, but the full model is too expensive computationally over entire region, and hence
one would like to use a simple model in parts of the region, and full one only where it is
essential to capture the physical phenomena [3, 5, 9]. Here we will discuss models that
concern the two cases.

We consider a general problem where the domain consist of the following three
parts: unsteady conductor - steady conductor - unsteady conductor. A survey on
mathematical aspects of coupled conduction-radiation energy transfer problems is given in
[7].

The stability of solutions to interface problems is studied in [4]. Elliptic and parabolic
interface problems on disjoint domains are studied in [4, 9].

One is also interested in efficient algorithms to solve the coupled problems. One of
the most effective method is the so called immersed interface method (IIM) [6]. This
method uses uniform meshes and has second order of local approximation.

We want to emphasize that the purpose of this paper is not only to model a realistic
application, but also to study theoretically a prototype linear initial boundary-value
problems.

The paper is organized as follows. Our model is presented in Section 2. We prove
that this problem can be reduces to variational problem, Theorem 1. In Section 3 we
investigate the case when the thickness of the isolation tends to zero. The result is an
interface problem with non-ideal contact conditions.

GENERAL MATHEMATICAL MODEL

Let consider the steady state heat conduction problem, Fig.1: differential equations

ou, 0 ou|_ 0o au; | _ 1
u aX(loi(x,y),axj ay(qi(x,y), ay] Loy,

(x,¥)eQ, =(a;,b)x(c,d), 0<t<T, i=12; —0<a <b <a, <hb, <+o;
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2)
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2 2 j= fo(x,y,t), (x,y)eQ,=(b,a,)x(c,d) 0<t<T; (
OX oy

_ _ _ 8U0 _ aul = (3)
[u]x=bl = u,(b,y,t)—u,(b,y,t) =0, [k ™ )x=bl (pl ox jX:bl = 0,

[u] =u,(a t)-u,(a t)=0, | p o, [k =0, @
x=a, 2 20 Y 0 20 Y ’ ? oX x=a, ox x=a, |

zero-Dirichlet boundary conditions:

u,(a,, y,t) =0, u,(b,,y,t) =0, ye(c,d) (5)
u(x,¢,t) =u,(x,d,t) =0, xe(a,b); u,(x,c,t)=u,(x,d,t)=0, xe(a,,b,). (6)
Ay
d
Q, L Q0 [k Q,
¢ X
>
a, b, a, b,

Figure 1: The geometry of bodies €2,, {2, conductivities with thin isolation €2,.

Let us note that the heat transfers between conductivities and isolation across the

interfaces
I ={(b,y):ye(c,d)} I, ={(a,,y):ye(c,d)}
is realized according to the ideal contact conditions (3), (4).
Finally, in order to complete the initial boundary value problem we pose initial
conditions
u,(x,y,0) = u,(x,y), i=102 (7)
Throughout the paper we assume for | = 1,2 the usual regularity conditions

p,(X,¥)>0,0,(X, ) >0, p,, 0, €C*(,), k = const. > 0, ,(x,¥,t) C(Q,)xC(0,T). (8)

Then we can prove that the solution of the interface problem (1)-(8)
u=(u,u,u,)e(C?(Q,ua,uQ,)nC(Q))xC*0,T).
Let us introduce the piecewise continuous coefficients

p.(X,y) (X,y)eQ,, q,(x,y) (X, y)eQ,,
p(x,y) =1k (X, y) e Qq, q(x,y) =1k (X, y) € Qy,
P, (X,y) ,(X,y)eQ,; q,(x,y) (X,y)eQ,;

and the function
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fl(x,y,t) :(X’y)EQp
F(x yt) =1 f(x 1) (X,y)eQ,
f,(x,y,t) ,(X,y)eQ,.

We can prove the following assertion.
THEOREM 1. Let (7), (8) hold. Then the solution
ue (CZ(Ql uQ,uQ)) mC(Q))x C*(0,T) of the interface problem (1)-(8) is also the

solution of the variational problem: find ue H'(Q)xC?'(0, T) with boundary
conditions (5), (6), which satisfies the following integral identity

Il v (X, y)—ldxdy + ], v , (X, y) 2dxdy

+HQ( p(X,y)a—X— q(x y)ayﬁdexdy [lv(x, y)F(x,y,t)dxdy, Vv e H: ().

Proof. Let us multiply the both sides of (1), i=12 and (2) by

v =(v,(X,Y), v,(X,Y¥), v,(X,y)) andintegrateon Q,,Q, and Q , separately. Then,
applying integration by parts, we obtain

oy, 0y, v, 0y, v,
Ifglvl(x,y) 5 dxdy+IJQ(p1(x y) a a +0,(X, Y) ey ayjdxdy

J[v b ](bl,y ey = JJ, v, %) . ..

ou, dv, ou, ov, (. ou, a
k”%( ox ox oy oy jdXd“kL KVO P~ )(bl,y,t) (Vo ~ j(az,y,t)}dy
= [l Vo (%, ¥) T (%, v, t)dxdy.

av
dd T Ny 2 2 \gxd
I, V(x y) xdy + ([, (pz(x y) +0, (X, y)(3y 8yj xdy

+1; (V P, j(az,y t)dxdy = [[, V206 ¥) (%, y, )dxdy.

Summing these identities, we get

ou ov, ou, ov
Hgvl(x,y)fldxdy +Hg(p1(x y)**+q1(x, y)aylaledxdy

oX OX

o ou, ov, ou, B %
+K/[], ( x ox oy 6yjd dy +KJ; KVO j(bl,y,t) (vo }(az,y,t)}dy
+H92V2(X,y)8tzdxdy+HQ(pz(x ”7? d, (x Y)aaa\;jdxdy
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+LdKV2 P2 %lj(zj(az,y,t) (v Py j(bl,y t)}dxdy [{ v (X, y)F (x,y,t)dxdy.

forall v=v(X,y) e H(Q). Since uy(b,, y,t) = (b, y,t), Uy(a,,y,t) = Ug(a,, yt) itis
natural to require that the arbitrary function v = (Vl,vo,vz) also satisfies these conditions.
Using these conditions we obtain

fchVszaL:f)(az,y,t) (V P, j(bl,yt)

ou, ou,
+k( P )(bl,yt) k( o j(az,y,t)}dxdy

ou 8u ou, ou
= .[cd{vot P, 8X2 ox )(az’ y,t)—v ( % 1(3)(1)(b1' y,t)}dy =0.

We obtain
IR v (X, y)—ldxdy + ], v , (X, y) 2dxdy

+Hg21(|01(><,y)1a1 0, (X, )de dy
KL ( 0 OV, OY, jd dy

OX 8X oy oy
ou, oV, ou, oV,
+ij2[ p,(X,Y) o +0,(X,Y) oy oy jdxdy
= [[v(x, y)F (X, y,t)dxdy.

This integral identity with the Neumann transmission conditions (3), (4) completes the
proof [8, 10].

This theorem shows the equivalency of the transmission problem (1)-(3) with
variational problem, although the last one do not contain any transmission condition. This
suggests a possibility of construction of such finite difference (or finite element) analogues
of the interface problem, which has the similar structure. Specifically, the question is to
construct homogeneous conservative difference schemes in the sense of Samarskii [8],
that have the same form for all mesh points including ones on the interfaces ', I, .

THE LIMIT CASE ¢ > 0
We assume that the thickness 2¢ = a, —b, of the isolation Q, is small , &€ << 1

and the conductivity k > 0, see Fig.1.
Suppose that we wish to solve numerically the problem (1)-(6) by difference scheme.

If the value of thickness 2¢ = a, — b1 of the steady isolation QO is less than the mesh

size h along the direction OX , thatis & < h, then the interface conditions (3), (4) cannot
be approximated on this mesh. To derive a finite difference approximation of the interface
problem (1)-(6), one need to derive an asymptotic analysis of this problem, when ¢ — 0.

Let us note that singularly perturbed one-dimensional interface problems were
studied in [1].
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In order to simplify the exhibition we take b, = —¢,a, =

THEOREM 2. The limit case, when & — 0, (i.e. b, > a,), of the transmission

problem (1)-(6) with ideal contact conditions (3), (4) is the following transmission problem
with nonideal conditionS'

ou, 0 ou, \ _ L
ot ox [ ]—ay( (X, ayj_ f.(x,y,1), (X,¥)eQ,, 1=12;te(0,T],
(pl(X, Y)j =ofu],,, = (DZ(X, y),auj , o = const.> 0, (9)
ax x=0" aX X:0+

u(x,y,t)=0, (x,y)eo(Q,uQ,),te(0,T],
u(x,y,0) = u,(x,y), (x,y)eQ,uQ,.
Proof. Let us assume that U = U(X, Y, t) is the solution of the transmission problem (1)-
(6). Integrating (2) on X € (-¢,&), where £e(—¢&,¢) and ¢>0 is an arbitrary small
parameter to get

o’u, o°u
o k.[—i‘( aXZO + ayZO )dx = I_i‘ fO(X1 y’t)dX,

ou, , ., 0uy
ka—x( & y,t) -k p (&,y,1) = j ( PY: —02 4+ f, (X, yt)jdx

Since the parameter 9’: € (—8,8) is an arbitrary one , integrating both sides of the last
identity with respect to this parameter on (—5 8) and use (3) and (4), we obtain

2@<ew %eyw k[u,(e, y. t) —u(-¢,y,1)]

=[° j‘f( °+f(xyt))dxd(§
Let us divide now both sides by 2& # 0 . Then passing to the limit as &,K = 0 and

iy k
requiring o = — = const , we get
2&

(Q?ﬁ}ﬂnmﬂ=0wdmn%0—w®ﬁyJﬂ,YE@ﬂLtemﬁL

where £ — 0 as ¢ — 0 . This condition can be written in the following form:

O-[u]x:o = (pla_uj : (10)
OX ) y=o_
Integrating (2) on X € (f,g} respectively, by the same way, we can obtain the second
limit condition
olu],- :(pz a_Uj ' (11)
8X x=0+

Conditions (10) - (11) imply the transmission conditions (9). This completes the proof.
Asymptotic analysis to a one-dimensional version of the problem (9) is given in [1].
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CONCLUSIONS

In this paper using three rectangles as the simplest case of multi component model
an analysis of a parabolic-elliptic interface problem is presented. This study can obviously
be extended to the problems with more complicated geometry. We hope that this short
paper will trigger some subsequent works on analytical and numerical analysis of partial
differential equations with nonstandard transmission conditions.
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MATEMATUYECKWN MOOENN HA UHTEP®ENCHU 3A0AYN 3A
CTAUMOHAPHA - HECTALUUOHAPHA TOMnonPoBOAMMOCT

MBaHka AHrenoBa
PyceHcku yHueepcumem "AHeen KbH4yeg"

Peslome: Hue nacnegsame maTemMaTUyecku Moaenu, onuceally HecTalMoHapHa TONNonpoBOAHOCT
B [1BE Tena, pasfiefieHn CbC CTaluoHapeH nsonatop. Tean 3agaym ca CBbp3aHu ¢ napabonuyHu ypaBHEHUs
C MPeKbCHATU KOEMULIMEHTU U KOHLIEHTPUpaHU M3TouHuun. KaTo pesyntaTt Hag uHTepdeiica, Bb3HUKBAT
KOHTaKTHM (CKOKOBM) ycrnoBus. [okasaHo e, Ye Tasu 3agaya [OMycka BapuauMoHHa (popMynMpoBKa.
MN3BbplUeH e acuMNTOTUYEeH aHanua B criydas, korato AebenvHata Ha u3onatopa KroHW KbM Hyna. Kato
pesynTaT Bb3HMKBa HOBa napabonuyHa 3agaya ¢ HemaeanHu KOHTaKTHU YCIOBUS.

KniouoBu aymu: CtaumoHapHa 1M HecTauMoHapHU TOMMONPOBOAUMOCT, UHTepdeinc, enunTuiHn 1
napabosniMyHn ypaBHEHUS, aCUMMNTOTUYEH aHanua.
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