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MATHEMATICS

NUMERICAL SOLUTION OF THE TWO-PHASE
STEFAN PROBLEM FOR SPHERE

Ivanka Angelova

Angel Kanchev University of Ruse

Abstract: We consider two-phase Stefan problem for spheres in cases of small diffusion or large
Stefan number limit. Landau's transformation with the Gupta & Kumar [1] variable time-step method to solve
numerically the problem is combined. A second order difference scheme with respect to space is derived
and an algorithm for solution of the algebraic equations system is proposed. Shishkin meshes are used in
the region of small diffusion. Numerical experiments show more accurate results in case of Shishkin mesh.

Keywords: Two-phase Stefan problem for spheres, free boundary problems, difference scheme,
Shishkin mesh

INTRODUCTION

One of the most simple moving boundary problems to pose is the classical Stefan
problem for the inward solidification of a spherical ice ball. Even in this idealized case
there is no (known) exact solution, and the only way to obtain meaningful results is through
numerical or approximate means. In this study, the full two-phase problem is considered,
and in particular, the attention is given to large Stefan limit or small diffusion. By applying
the method of matched asymptotic expansion the temperature in both two phases the
authors show that the solid-melt interface r = R(t) moves slowly and the two phase are

weakly coupled for large Stefan number ( 5 >> 1). The singular region of small diffusion is

considered.

The paper [9] is concerned with modelling the melting process of a nanoscaled
sphere or cylinder and the resulting boundary value problem takes the form below.

Numerical analysis of heat and mass transfer with moving interface boundaries
between two or more subdomains often bring us to diffraction boundary value problems. In
the case of the presence of concentrated sources and small diffusion coefficient it is
necessary to develop special numerical methods whose errors depend rather weakly on
the parameter & . The behavior of the solutions is very complicated in the case of moving
concentrated sources [2, 6, 7, 8].

The purpose of the present study is using the Landau transformation to transform
the two-phase Stefan problem for sphere into an interface problem. The left parabolic
problem is defined on a rectangle and the right one is an one-phase Stefan problem while
the interface is a segment parallel to axe Ot. We use layer adapted meshes (Shishkin's)
[4, 6], see Fig.2 for the left problem in case of small diffusion. On the base of the Gupta &
Kumar [1] variable time-step method, for the right problem we develop a tracking
algorithm.

The rest of the paper is organized as follows: In Section 2 we consider the
differential problem and we apply the Landau's transformation. In Section 3 we construct a
second-order approximation of the problem in the left, right domain and in the interface. In
Section 4 we present numerical results.

THE DIFFERENTIAL PROBLEM
We consider the dimensionless solidification problem

ov 0%v 2 ov
—=k| =—+==—|, 0<r<R(), 1
ot (Gr2 rarJ ©) (1)
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ou _o0%u 2 0u
faer cs 2
ot 6rz+rar’R(t)<r<l @)
with fixed boundary conditions
ov
—|,2,= 0, V(R(t),t) =0; 3
pp =0 (R(t), 1) (3)
u(R(t),t) =0, u(l,t)=-1, (4)
moving boundary condition (the Stefan condition)
ou 6V drR r = R(t) 5
SokSi=pon (5)
and initial conditions
v(r,0) =v,(r); R(0) =1. (6)

Here u(r,t) and v(r,t) are the temperature fields in the the solid and liquid
respectively, I' is traditional distance, t represents time and r = R(t) describes the
location of the solid-melt interface. The three parameters in the problem are the
dimensionless initial temperature V,, the Stefan number g and the ratio of thermal

diffusivities k.
The two-phase problem (1)-(6) is highly nonlinear with no known exact analytical
solution. We put:
E=rIR(t), v=v(r,t)=V(&,1), u=u(r,t)=U/(&,1).
Then the equations (1)-(2) are converting into

ov _ k(o 20V R(t) oV
ot _Rz(t)(8§2+§ 8§j+§R(t) o0&’ <o <t (7)
ouU - 21 (aZUZ 28UJ+§maill<§<i; (8)
ot RA()\ a&g? &£ o¢ R(t) o0& R(t)
the boundary conditions (3)-(4) into
oV
—1..,=0, V(,t)=0, U(1,t)=0, U -1 9
oz s =0 (11 (11 (R() j (9)
The moving boundary condition (5) takes the form
N N BROR@M) on £ =1, (10)
o0& o0&
and the initial conditions (6)
V (5’0) = V0(§R (t))1 R (0) = 1 (11)

NUMERICAL METHOD
In this section we discretize the transformed equations (7)-(11).
1. Left domain
First, we will construct a second-order approximation of the problem (7)-(11). By
Lopital's rule, we have
10V oV _ oWV

lim 2 =0, im =Y = =
N oE SN EoEs  iwoagr ot

Then, it follows from equation (7)

=0
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2
aa_\:hf:o: Rf—‘zt)%u:o- (12)
Therefore,
o2 _ k (63V B 2 8V+352VJ+R'('[) oV +§R(t) a2/
otoe R\ 0&® &7 af £0£7) R(t)0& T R(t) &’
Next,
1oV v
3 2 2 3
el 2l S5 Z'JL“OE_(:LZZ\; Far va"’j'
Hence,
oV _lov oV
3 3
a—v3|§:o: 2lim 06" £0¢ of , wich implies |im 8\/3 = 0.
o¢ £-0 & NPy

Let introduce the mesh w, ={0<¢& <...< &, <1}, &, =0,&, =1, Wh = w, U{&ru{é}
and h. =& =&, h, =0.5(h +h. ;) [5]. Now, we have
V(h,t)-V(=h,t) _oV hf oV
=l t > om
2h, o0& 6 o0&
Using V (=h,,t) =V (h,,t) + O(h) and (12) we get

|§:o +0 (hl4 ).

v, 6k
ot " hZR2(t)
From (7) we obtain

oV = k 1+ﬁ Via =V 1— hiy |Vi=Viy 14
ot R (t) Si hie Si h "

n giR(t) hi V.-V, _{_hHl\ﬂ +O(hi2), 1<i<N-1,
2nR(t)| " h h

i+1 i
where V, =V (£,,t) .
We require

(v (h,t) =V (0,1))+O(h}). (13)

UR(t,) =1+ jh. (15)

We differentiate

1
o in t= '[J- and equalize to the angular factor of the segment
connected the points ((j—1)h,t; ;) and (Jh,t.), to obtain
- R(t)/R*(t;) = hiz,. (16)
We discretize (13) as follows:

- 2 . 2
CVy ~ BV, = Fy, Cf =1+ eakfjp*h”‘] B :GGij[lJthhJ |
! 1
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Ry = {1 6(1 —0)krj(—1+ (jh_l)hj JVO“ +6(1 —ov)kr,-(—1+ (L_l)hj Vi

Further, we use the Crank-Nicalson scheme to obtain from (14)

~AV) +CWVJ-BWV) =F! 1<i<N-L

i+1

Al :L(kf{l_h](l_F jh)? + hi.i&i _ }
h7, & 2(/h+j)
Cl=1+—2 (Zkz-j(1+ jh)2(1+ h - hi+1J+ gi(h”l__h‘)],
hihi. ¢ Uh+j
Bl =2 (kr{l+£)(l+]h) hg, J
hiah; g 2(1/h+ )
Fij :m[k(l—hj(l+(j—1)h)2+ h..S : }/ijll
hif; & 2r,,(1/h+ j-1)
+{1 u[zk(l_,_(J_l)h) ( h, _hi+1]+ Cfi(hm_.hi) J}Vijl
h|h|+1 é:i z-j—l(]-/h +J _1)

(1_G)T i P 2 hié:i j-1
+ h (k[1+ : J(1+ (j—-1)h) 2c (Wh+j-1) }/m .

We use the right Thomas's method to find Vy j
VJ =al V] +,B,+1, 1<i<N-1

i+1Vi+l

a| — BlJ a| — B_O
i+1 CiJ _ Aijail ' 1 COJ

ﬂ,l _R'+p Aij

+1 =

R :
B = 1<i<N-L.
C:IJ AJ II ' C:OJ

Vila = ayVy + By = By

2. Right Domain
Let & =1+ih, 0<i<j, U} =0, U‘-—l For j>1

a i+1 _ézifl _

ot fi h R (t)|: ( i+1 i é,:i (U| Ui_l):| (17)
R U, -U,, .

+¢ R(D) 2h +0(h?), 1<i<j
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We discretize (17) as follows:
~Aul +ClU)-BIU), =FJ, 1<i<j-1.

Al = a[fj(l—L](llh +j) +i],

1+ ih 2(1 + jh)

Cl=1+ 207, (1/h+ i),
B/ :G(Tj(le h j(l/h+ )l J
1+ih 2(1+ jh)

-1 _L PR 1+ih -1
Fil=( O')z'j((l 1+ih](1/h+1 1) +21j_1(1+(j_1)h)juil

+ (1— 2(1—0‘)2']. (]_/h + J _l)z)Jij_l

. (1—6)71((1+ 1+hihj(1/h +j-1)- L ]U o

2r;,(1+(j-1h)
We use the left Thomas method to find Ulj :

Ul,=al Ul +4,, 1<i<j-1.

i+1 i+1 i+17
i
ar :% @l =0, 1<i< j-1,
C/' -Blaj,
i rpi
ﬁir - I:i +ﬂi+lBi_’ ﬂjr =-1, 1<i< J—l

Tl iR
C/ -Bla,

Ulj :alruoj + B = p.

3. Interface
For £ =1 we have the next discrete equation:

ﬂh:(mmwjulwm
& 1 2

o _ v RMOR(®) ,
kgh_— (k(l/hN 1) = )\/N_1+O(hN).

2[(A+1/n)U, +k(@/hy 1)V, ]
28 +V,_,—-U, '

From (10) we obtain

R(t)R(t) =

(18)
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After integration of (18) and use of (15) and (16), we get
@BV, ~U,)U( + jh)? — (L + (j-1)h)?)
) 4/(1+1/MU, +k(@/hy —1)V, ] '
NUMERICAL RESULTS
We present the numerical solution of {\/iJ } {UiJ } the moving boundary for =1 and

for k =1 in Fig. 1 on the uniform mesh and for k = 27 in Fig. 2 on the Shishkin's mesh. The
figures illustrate the efficiency of the Shishkin's mesh.

........

c) Mesh and curve d) Vand U on 10-th time layer
Table 1: N=16, j=10, k=1.

c) Mesh and curve d) Vand Uon 10-th time layer

Table 2: N=16,j=10, k = 2°°.
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YNCJIEHO PELLUABAHE HA 1IBY®A3O0BA 3A0AYA HA CTE®AH 3A
COEPA

NBaHka AHrenoBa

PyceHcku yHusepcume "AHzesn KbH4yeg"

Pestome: B cratudaTta ce pasrnexga gBydasoBa 3agaya Ha CTtedaH 3a cpepa B cniydan Ha Marnka
andysna n ronsmo umncrno Ha CtedaH. KombuHupaHnu ca TpaHcdopmaums Ha Jlangay m metop Ha lN'ynta un
Kymap ¢ npomeHnuBa CTbMka MO BPEMETO 3a YMCIEHOTO pellaBaHe Ha 3apjadvaTa. V3segeHa e cxema OT
BTOPW pen Ha anpoKCMMauus OTHOCHO MPOCTpaHCTBEHaTa MPOMEHNMBa M € MpeasyiokeH anropuTbM 3a
pelwaBaHe Ha npobrnema. Manon3saHa e mpexa Ha LUuwknH B obnacTtta Ha mankaTta gudpyaud. O6cbaeHn
Ca YNCMEHNTE EKCNIEPUMEHTM.

KnwouyoBu aymu: [IBycdaszoBa 3agjaya Ha CrtecbaH 3a cdpepa, 3agaya cbC cBobogHa rpaHuua,
andepeHyHa cxema, Mpexa Ha LUnLwkmH.
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