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MATHEMATICS

POLYNOMIAL IDENTITIES OF THE 2x2 MATRICES OVER THE FINITE
DIMENSIONAL GRASSMANN ALGEBRA

Antoaneta Mihova

Angel Kanchev University of Ruse

Abstract: The paper presents a survey of results obtained in the last years by different people in the
field of matrix algebras over the Grassmann algebra. Some author’s results concerning the Grassmann
algebra and the matrix algebra over finite dimensional Grassmann algebra are presented. A conjecture in [8]
appeared to be true and a proof of the corresponding theorem is given here.

Keywords: Matrix algebras, Polynomial identities, Grassmann algebra.

INTRODUCTION
Let K be a field of characteristic 0. A vector space R is called an algebra (or

aK —algebra) if R is equipped with a binary operation “+” (i.e. a map (R,R) > R) ,
called a multiplication such that for any a,b,ce R and Va e K (a + b)* c=a*xC+bx*cC
, c*(a+b)=c*a+c*b, a(a*b)=(aa)xb=ax(ab).

Usually we denote the multiplication of R by “.” and write ab instead a.b. The notion
of algebra generalizes both the notion of vector space and of ring. The algebra R is
associative if  (a*b)*xc=a=*(b*c) for every a,b,ceR, R is commutative if

a*b=b*a, abeR and R is wunitary if R has a wunity e (ie.
JdJeeR:VaeR= a*e=e*a=a). For example M _(K)- the set of all nxn matrices

with entries from K is an associative, noncommutative, unitary algebra.
Let V be a vector space with ordered basis {el’ ez,...}. The Grassmann (or Exterior)

algebra G(V) of V is the associative algebra, generated by the basis of V with defining
relations ejej + € j€ =0, forall i,j=12,...

The elements e €V, I=12,.. are called generators of G(\/) Since
ee +ee=0and charK=0 we have €’ =0.

The set B :{1}U{eilei2...eim|1s I <, <...< im,m=1,2,...} is the basis of G(V). If a is
a basic elementand l#a=e ¢, ... ,then m is called a length of a.

If V, is a finite dimensional vector space with dimension n we denote by
Gn=G(V,). By=1{l e, e, 665,63, €1€3,€9€3,€1€9€3,...,8/€7...8, | is the basis of
Gp =G(V,) and dimG,, =2".

The expression [xl, XZ]: X1X92 — XoX; is called commutator of X; and Xo.

The polynomial S, (X,,X,,...,X, )= Zsign(a) Xo1) Xo(2)+ Xo(my» Where Sy is the

oeSp

symmetric group of degree n is called a standard polynomial.
The smallest degree of the multilinear identities, which an algebra R satisfies is called

Pl-degree of the algebra, denoted as Pl deg(R).

IPROCEEDINGS OF THE UNION OF SCIENTISTS — RUSE VOL. 8 / 2011]
13




MATHEMATICS

POLYNOMIAL IDENTITIES
For the matrix algebra M, (K) basic results are the Cayley-Hamilton theorem and

the famous Amitsur-Levitzki theorem. Amitsur and Levitzki [1] proved that in the matrix
algebra M (K) of order n over a field K the standard identity of degree 2n holds, i.e.
S, (X, Xp1ers X5, )= 0.

Krakowski and Regev proved in 1973 the following

Proposition 1 [6, Corollary, p.437] The T-ideal T(G) is generated by the identity
[[Xl ' Xy ]’ Xs]: [Xl’ X2,X3]= 0.

For the algebra G, =G(V,,) holds

Proposition 2 [5, Exercise 5.3] For G, =G(Vn) over N-dimensional vector space
V., n>1 all identities follow from the identity [Xl, xz,xs]: 0 and the standard identity

Szp(xl,xz,...,xzp)z 0, where p is the minimal integer with 2p > n.

n?

Berele and Regev proved

Proposition 3 [3, Lemma 6.1] The algebra G(V) satisfies the identity
(s, (X, X, X)) =0 forall n, k>1.

Proposition 4 [3, Lemma 3.2, p.123] Let R be an algebra with Pl deg(R): r, then
Pldeg(M, (R))>nr. In particular, Pl deg(M,(G))> 3n.

Proposition 5 [2, Lemma, p.1509] The algebra Mn(G) satisfies the identity S';n for

some K >1 but satisfies neither s, nor identities of the form Skm for any kK when m< 2n.

A connection between the identities in M (K) and M _(G) is given by M. Domokos
and A. Popov.
Proposition 6 [4, Proposition 2.1, p.13] Let fl,..., f,e K<Xl,...xm> be elements of

1
the T-ideal of identities of M . If d > Enzm, then f,...f,=0 is an identity onM _(G).

The above Proposition 6 has an analogue for the upper triangular matrices U [12].

A. Popov sets a more precise estimation of Pl deg(M,(G)).

Proposition 7 [11, The main Theorem] Let Mn(G) be the matrix algebra of order
Nover the (infinite dimensional) Grassmann algebra. Then Mn(G) has no identities of
degree 4n-2.

USING MATHEMATICA TO OBTAIN IDENTITES IN THE MATRIX ALGEBRA
OVER THE FINITE DIMENSIONAL GRASSMANN ALGEBRA

The elements of the Grassmann algebra are called grassmann numbers. A
grassmann number containing only monomials with even length is called an even
grassmann number, and a grassmann number containing only monomials with odd length
is called an odd grassmann number.

Ts. Rashkova and A. Mihova find a correspondence [10] between the integers from

0to 2" —1 and the basic elements of the Grassmann algebra over a n-dimensional vector
space.
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Let i be aninteger, 0<i<2"-landi=¢,q,... a, ., for a; e{O,l},i =1,2,...,n
be its binary representation. To each 1 is juxtaposed the basic element
e/ne,"t...e’ el

Then any grassmann number X e G, = G(Vn) can be express in the form:

X=a,+ae +a,e, +aee, +a,e, +a.ee, +ae,e +aeee +--+a, ee,...e,

aeK,i=0,1,..,2" -1

The formulated correspondence gives the possibility to work mainly with the indices
of coefficients.

Using the above described correspondence two programs in Mathematica are done -
one for multiplication of grassmann numbers [10] and another one for multiplication
of 2 x 2matrices with entries from a finite Grassmann algebra [9]. For a guide book in the
system Mathematica we consider [15].

These two programs are used to verify identities related to the standard polynomial
for the matrix algebra over finite dimensional Grassmann algebras. Some identities are
verified for small n. Based on the obtained results the next propositions are formulated.

Let Mk(G) be the matrix algebra of order k with entries from G. We denote by

M Z(G,?) the set of 2 x 2matrices with entries even grassmann numbers and by M 2(Gi)

the set of 2x 2matrices with entries odd grassmann numbers from a finite Grassmann

algebra G, .
Proposition 9 [7, Proposition 5, p.19] 84(X1, x2,x3,x4):0 is an identity on
0
M, (G?).
Proposition 10 [7, Proposition 6, p.19] Sm(xl,...,xml):O is an identity on
M.(G))

The following theorem was formulated as a conjecture in [8]. Here we give the proof.
Theorem 1 The algebra M, (G,) satisfies the identity s,(X,, X,, X;,X, )’ =0,
where p is the minimal integer with 2p > n.

a
Proof. Let X :[
C

a=8, + a8 +3,8, + 8L, + A8 + A, €E6,...E

b
j be a matrix with entries from G,, = G(V,,) and

n?
b=b,+be +be, +bee, +b,e, +---+b2n 08, .8,
C=Cy+C& +C,€ +Cs88, +C,8 +--+C , €8, ...€,
d=d,+de +d,e, +dee, +d,e; + ---+d2n 88,

a;,b,c.,d eK, i=0\1,...,2" -1.
We can express X as follows

a, b b b a, b
X=|7° ° +611 Yl + % 2le,+| ° Clee, +
¢, d, ¢, d, c, d, ¢, d,
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a, b a., b__ a b
+[ 4 d4Je3 +"'+[C2n ! d2n 1Jen +,,.+(02n1 dznljelez-..en.
C, 4 on-1 on-1 N1 N1
. a‘i bi - n
Let denote the matrix g by X;, 1=01,...,2" —1. Then
Ci i

X =Ko+ K&+ X8, + X308 + X8+ + X 1€ +--+ X | €8,..e

n*

We consider the matrices XJ and XJ, for J=1,2,34 and k=1,..., 2" —1,

namely
XJ =Xy + XJ & + X8, + XJ €8, + X 8 +---+ X 18+ + K] | €€,...8

Using the multilinearity of the standard polynomial we transform it as:

n*

s,(X1,X2,X3,X4)=
s,(X1, + XLe + X1,e, + X1,ee, + X1,6, +--- + X1, €e€..e,
X2,+ X2,e,+X2,e,+X2,e6,+X2,6;,+-+ X22n71e1e2...en,
X30+X31e1+x32e2+X3sele2+X34e3+---+X32n_1e1e2...en,
X4y + X4e + X4,8, + X4e, + X4,8,+--+ X4 | €g,...e)=
s,(X1,,X2,,X3,,X4,)+
+5,(XLe, X2,, X3,, X4,)+s,(X1,, X2,e,, X3,, X4,)+
+5,(X1,, X2,, X3,8,, X4,)+5,(X1,, X2,, X3,, X4,e,)+
+5,(X1,e,, X2,, X3,, X4,)+s,(X1,, X2,e,, X3,, X4,)+
+5,(X1,, X2,, X3,8,, X4,)+s,(X1,, X2,, X3,, X4,e,)+
+5,(XL e X2, X3y, X4 )+5, (X5, X218, X3y, X4 )+

n-1%n? n-1%ns
X1, X2,, X3 e, X4, )+s,\X1,, X2,, X3,, X4 +S =
4( 0 0 ) ( 0 0 0 )

+S n1 n?

J(X1,, X2,, X3,, X4,)+

+5,(X1, X2,, X3, X4,)e, +5,(X1,, X2,, X3,, X4, ), +

+5,(X1,, X2,, X3, X4,)e, +5,(X1,, X2,, X3,, X4, ), +

+5,(X1,, X2,, X3,, X4,)e, +5,(X1,, X2,, X3,, X4, ), +

+5,(X1,, X2,, X3,, X4,)e, +5s,(X1,, X2,, X3,, X4 )e +-
48, (X1 X2, X3y, X40)5n +5,(XLp, X2, X3y, x40)en +

+s4(X10, X2, X3 4, X4O)en+s4(X10, X2,, X3,, x42n_1)en+s.

We denoted by S the sum of the other summands which are products of matrices
with entries from K and the basic elements €, €,, €, €,,€,€,, € €,€;,...,6,€,...€,.

nln
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n

Since XJ,, XJ;, XJ,, ..., XJ2 for J=1 2, 3,4 are matrices with entries from

K, applying Amitsur-Levitzki theorem we obtain that

s,(X1,,X2,,X3,,X4,)=5,(X1, X2,, X3,, X4,)=
s,(X1,, X2, X3,, X4,)=s,(X1,, X2,, X3,, X4
s,(X1,, X2,, X3,, X4,)=5,(X1,, X2,, X3,, X4
s,(X1,, X2,, X3,, X4,)=s,(X1,, X2,, X3,, X4,)=
S

(

(

0):
o):

J(X1,, X2,, X3,, x42):---:s4(x12n1, X2,, X3,, x40):

sa(XL, X2 4, X3y, X40):s4(X10, X20, X3 4, x40):

s,(X1,, X2,, X3,, X4, }=0.

Hence s,(X1, X2, X3, X4)=S. Then for 2p>n we form Sf:Sp. As the

summands of S are of length >2 then S* is a sum of monomials with length >2p

multiplied by matrices. Since 2p >n then each monomial in Sf contains at least one

repeated generator. Hence Sf =0. This completes the proof of the theorem.

Vishne described in [14] an efficient way to use the Sym(n) -module structure of the
ideal of multilinear identities in the computation for a given algebra of such identities of
degree N.The method was applied to be shown that the algebra M 2(G) has identities of

degree 8, but of no smaller degree.
An explicit form of the Vishne identities is given in [13] and identities are verified in
M, (G, ) for small n.
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