
PROCEEDINGS 
of the Union of Scientists - Ruse 

 
Book 5 

Mathematics, Informatics and 
Physics 

 
Volume 8, 2011 

 
 

 
 

 
 

RUSE 



ISSN 1311-9974 

PR O C E E D I N G S  O F  T HE  UNI O N O F  SC I E NT IS T S  –  RU S E  V O L.  8  /  2011  
3 

 
 
The Ruse Branch of the 

Union of Scientists in 
Bulgaria was founded in 1956. 
Its first Chairman was Prof. 
Stoyan Petrov. He was followed 
by Prof. Trifon Georgiev, Prof. 
Kolyo Vasilev, Prof. Georgi 
Popov, Prof. Mityo Kanev, 
Assoc. Prof. Boris Borisov, Prof. 
Emil Marinov. The individual 
members number nearly 300 
recognized scientists from 
Ruse, organized in 13 scientific 
sections. There are several 
collective members too – 
organizations and companies 
from Ruse, known for their 
success in the field of science 
and higher education, or their 
applied research activities. The 
activities of the Union of 
Scientists – Ruse are 
numerous: scientific, 
educational and other 
humanitarian events directly 
related to hot issues in the 
development of Ruse region, 
including its infrastructure, 
environment, history and future 
development; commitment to 
the development of the scientific 
organizations in Ruse, the 
professional development and 
growth of the scientists and the 
protection of their individual 
rights. 

The Union of Scientists – 
Ruse (US – Ruse) organizes 
publishing of scientific and 
popular informative literature, 
and since 1998 – the 
“Proceedings of the Union of 
Scientists- Ruse". 
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POLYNOMIAL IDENTITIES OF THE 2x2 MATRICES OVER THE FINITE 

DIMENSIONAL GRASSMANN ALGEBRA 
 

Antoaneta Mihova 
 

Angel Kanchev University of Ruse 
 
Abstract: The paper presents a survey of results obtained in the last years by different people in the 

field of matrix algebras over the Grassmann algebra. Some author’s results concerning the Grassmann 
algebra and the matrix algebra over finite dimensional Grassmann algebra are presented. A conjecture in [8] 
appeared to be true and a proof of the corresponding theorem is given here. 

Keywords: Matrix algebras, Polynomial identities, Grassmann algebra. 
 

INTRODUCTION 
Let K  be a field of characteristic 0. A vector space R is called an algebra (or 

a K algebra) if R  is equipped with a binary operation “ ” (i.e. a map RRR ),( ) , 

called a multiplication such that for any Rcba ,,  and K     acb ca bc   

b,  c  b cca a    ,      baba ba   .  

Usually we denote the multiplication of R  by “.” and write  instead . The notion 
of algebra generalizes both the notion of vector space and of ring. The algebra 

ab ba.
R  is 

associative if   )()( cbacba   for every Rcba ,, ,  R  is commutative if 

, abba  Rb,a  and R  is unitary if R  has a unity e  (i.e. 

aaeeaRaRe  :  ). For example - the set of all  matrices 

with entries from 

)(KnM nn
K  is an associative, noncommutative, unitary algebra. 

Let V  be a vector space with ordered basis ...,2,1 ee . The Grassmann (or Exterior) 

algebra )(VG  of V  is the associative algebra, generated by the basis of V  with defining 

relations ,  for all  0 e ijejiee ,....2,1, ji  

The elements  are called generators of  Since 

and  char

,...2,1,  iVei

0
).(VG

0 ijji eeee K  we have .02 ie  

The set    ,...2,1,...1|...1 2121
 miiieeeB miii m



miii eeea 
21

1 
 is the basis of  If a  is 

a basic element and   

).(VG

 , then  is called a length of  m .a

If  is a finite dimensional vector space with dimension  we denote by 

.  is the basis of  

 and . 

nV
 nV

 nV

n
 nen GG 

n GG 
n eeeeeeeeeeeeeeB ......,,,,,,,,,1 21321323132121

n
nG 2dim 

The expression   122121, xxxxxx   is called commutator of  and .  1x 2x

The polynomial   )()2()1(21 ...)(,...,, n

nS

nn xxxsignxxxs 







n

, where  is the 

symmetric group of degree  is called a standard polynomial. 

nS

The smallest degree of the multilinear identities, which an algebra R satisfies is called 
PI-degree of the algebra, denoted as  .deg RPI  

13 
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POLYNOMIAL IDENTITIES  
For the matrix algebra  basic results are the Cayley-Hamilton theorem and 

the famous Amitsur-Levitzki theorem. Amitsur and Levitzki [1] proved that in the matrix 
algebra  of order  over a field  the standard identity of degree  holds, i.e.  

 

)(KM n

)(KM n

 ,..., 22 nx
n K n2

.0,12 n xxs
Krakowski and Regev proved in 1973 the following 
Proposition 1 [6, Corollary, p.437] The T-ideal T(G) is generated by the identity  

     .0,,,, 321321  xxxxxx  
For the algebra  holds  nn VGG  
Proposition 2 [5, Exercise 5.3] For  nn VGG   over -dimensional vector space 

 all identities follow from the identity 

n
,1, nVn  3 0,, 21 xxx  and  the standard identity  

  0,..., 2 px, 212 p xxs ,  where p  is the minimal integer with  .n2 p   
Berele and Regev proved 
Proposition 3 [3, Lemma 6.1] The algebra  VG  satisfies the identity  

 for all     0,...,, 21 k
nn xxxs .1, kn  

 
Proposition 4 [3, Lemma 3.2, p.123] Let  R  be an algebra with  then  

 In particular, 

  ,deg rRPI 
   .deg nrRMPI n    G .3deg nMPI n   

Proposition 5 [2, Lemma, p.1509] The algebra  GM n  satisfies the identity  for 

some 

k

n
s

2

1k  but satisfies neither  nor identities of the form  for any 
n

s
2

k

m
s k  when .nm 2  

A connection between the identities in  KM n  and  GM n  is given by M. Domokos 

and A. Popov. 
Proposition 6 [4, Proposition 2.1, p.13] Let md xxKff  ,,, 11   be elements of 

the T-ideal of identities of . If  nM ,
2

1 2mnd   then 01 dff   is an identity on  GM n . 

The above Proposition 6 has an analogue for the upper triangular matrices [12]. nU
A. Popov sets a more precise estimation of   .deg GMPI n  

Proposition 7 [11, The main Theorem] Let  GM n  be the matrix algebra of order 

over the (infinite dimensional) Grassmann algebra. Then n  GM n  has no identities of 

degree   .24 n
 

        USING MATHEMATICA TO OBTAIN IDENTITES IN THE MATRIX ALGEBRA 
OVER THE FINITE DIMENSIONAL GRASSMANN ALGEBRA 

The elements of the Grassmann algebra are called grassmann numbers. A 
grassmann number containing only monomials with even length is called an even 
grassmann number, and a grassmann number containing only monomials with odd length 
is called an odd grassmann number. 

Ts. Rashkova and A. Mihova find  a correspondence  [10]  between the integers from 

0 to  and the basic elements of the Grassmann algebra over a n-dimensional vector 

space. 

12 n

14 
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Let i be an integer,  120  ni  and  221 ni    for   nii ,,2,1,1,0   
be its binary representation. To each  is juxtaposed the basic element 

  

i
.12

1
1

21

nn

nn eeee 
 

Then any grassmann number  nn VGGx   can be express in the form: 

,211232173263153421322110 neeeaeeeaeeaeeaeaeeaeaeaax n 




.12,,1,0,

 

 niK ia  

The formulated correspondence gives the possibility to work mainly with the indices 
of coefficients. 

Using the above described correspondence two programs in Mathematica are done -
one for multiplication of grassmann numbers [10] and another one for multiplication 
of matrices with entries from a finite Grassmann algebra [9]. For a guide book in the 

system Mathematica  we consider [15]. 

22

These two programs are used to verify identities related to the standard polynomial 
for the matrix algebra over finite dimensional Grassmann algebras. Some identities are 
verified for small n. Based on the obtained results the next propositions are formulated. 

Let  be the matrix algebra of order  GM k k  with entries from G . We denote by 

 0
2 nGM  the set of 22 matrices with entries even grassmann numbers and by  1

2 nGM  

the set of matrices with entries odd grassmann numbers from a finite Grassmann 

algebra .  

22

nG
Proposition 9 [7, Proposition 5, p.19]   0,,, 43214 xxxxs  is an identity on 

 0
2 nGM .  

Proposition 10 [7, Proposition 6, p.19]    0,, 111  nn xxs   is an identity on 

 1
2 nGM .  

The following theorem was formulated as a conjecture in [8]. Here we give the proof. 

Theorem 1 The algebra   satisfies the identity  
where 

)(2 nGM   ,0,,, 43214 pxxxxs
p  is the minimal integer with  .n2 p    

Proof.  Let  be a matrix with entries from 









dc

ba
X  nn VGG   and  

,21123421322110 nn eeeaeaeeaeaeaaa 


  

,21123421322110 nn eeebebeebebebbb 


  

,21123421322110 nn eeececeecececcc 


   

,21123421322110 nn eeededeedededdd 



   

.12,,1,0,,,,  n
iiii iKdcba    

We can express X   as follows  
 

 




































 21

33

33
2

22

22
1

11

11

00

00 ee
dc

ba
e

dc

ba
e

dc

ba

dc

ba
X    
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     .21

1212

1212

1212

1212
3

44

44
n

nn

nn

n
nn

nn
eee

dc

ba
e

dc

ba
e

dc

ba
 








































 

Let denote the matrix    by  Then   








ii

ii

dc

ba
.12,,1,0, i iX  n

.2112123421322110 nnnn eeeXeXeXeeXeXeXXX 
 

  

We consider the matrices  and   for  XJ kXJ 4,3,2,1J   and , 

namely 

12,...,1  nk

.2112123421322110 nnnn eeeXJeXJeXJeeXJeXJeXJXJXJ 
 

Using the multilinearity of the standard polynomial we transform it as:  
 

 


















)444444

,333333

,222222

,111111(

4,3,2,1

21123421322110

21123421322110

21123421322110

211234213221104

4

nn

nn

nn

nn

eeeXeXeeXeXeXX

eeeXeXeeXeXeXX

eeeXeXeeXeXeXX

eeeXeXeeXeXeXXs

XXXXs









   

 
  
   
  
    







220004022004

002204000224

110004011004

001104000114

00004

4,3,2,14,3,2,1

4,3,2,14,3,2,1

4,3,2,14,3,2,1

4,3,2,14,3,2,1

4,3,2,1

eXXXXsXeXXXs

XXeXXsXXXeXs

eXXXXsXeXXXs

XXeXXsXXXeXs

XXXXs





    
   

  








00004

120004012004

001204000124

4,3,2,1

4,3,2,14,3,2,1

4,3,2,14,3,2,1

XXXXs

SeXXXXsXeXXXs

XXeXXsXXXeXs

nnnn

nnnn

 

   
   
    




200204200024

110004101004

100104100014

4,3,2,14,3,2,1

4,3,2,14,3,2,1

4,3,2,14,3,2,1

eXXXXseXXXXs

eXXXXseXXXXs

eXXXXseXXXXs

     220004202004 4,3,2,14,3,2,1 eXXXXseXXXXs
    

 
    .4,3,2,14,3,2,1

4,3,2,14,3,21

120004012004

001204000124

SeXXXXseXXXXs

eXXXXseXXXXs

nnnn

nnnn








 

We denoted by S  the sum of the other summands which are products of matrices 
with entries from   and the basic elements  K .......,,,,, 21321323121 neeeeeeeeeeee

16 
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Since    for  
12210 ,,,,
nXJXJXJXJ  4,3,2,1J  are matrices with entries from 

, applying   Amitsur-Levitzki theorem we obtain that  K
 
   
  
  
  
   
   
  .04,3,2,1

4,3,2,14,3,2,1

4,3,2,14,3,2,1

4,3,2,14,3,2,1

4,3,2,14,3,2,1

4,3,2,14,3,2,1

4,3,2,14,3,2,1

120004

012004001204

00012420004

0200400204

0002410004

0100400104

0001400004








 











n

nn

n

XXXXs

XXXXsXXXXs

XXXXsXXXXs

XXXXsXXXXs

XXXXsXXXXs

XXXXsXXXXs

XXXXsXXXXs

  

Hence   Then for  .4,3,2,14 SXXXXs  np 2  we form 
 

As the 

summands of 

.
4

pp Ss 

S
 
are of length  then 2 pS  is a sum of monomials with length p2  

multiplied by matrices.  Since np 2

.0
4
ps

 then each monomial in  contains at least one 

repeated generator. Hence   This completes the proof of the theorem. 

ps
4

 
Vishne described in [14] an efficient way to use the  -module structure of the 

ideal of multilinear identities in the computation for a given algebra of such identities of 
degree The method was applied to be shown that the algebra  has identities of 

degree 8, but of no smaller degree.  

)(nSym

.n  GM 2

An explicit form of the Vishne identities is given in [13] and identities are verified in 
 for small n.  nGM 2 
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ПОЛИНОМНИ ТЪЖДЕСТВА В МАТРИЧНАТА АЛГЕБРА ОТ ВТОРИ 

РЕД НАД КРАЙНОМЕРНА ГРАСМАНОВА АЛГЕБРА 
 

Антоанета Михова 
 

Русенски университет „Ангел Кънчев” 
 
Резюме: В статията е направен обзор на резултатите, получени през последните години в 

областта на матричната алгебра над Грасманова алгебра. Представени са резултати, които се 
отнасят за Грасмановата алгебра и за матричната алгебра над крайномерна Грасманова 
алгебра. Доказана е теорема, която е формулирана като хипотеза в [8].  

Ключови думи: Матрична алгебра, Полиномни тъждества, Грасманова алгебра. 
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