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The Ruse Branch of the 
Union of Scientists in 
Bulgaria was founded in 1956. 
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for their success in the field of 
science and higher education, 
or their applied research 
activities. The activities of the 
Union of Scientists – Ruse are 
numerous: scientific, 
educational and other 
humanitarian events directly 
related to hot issues in the 
development of Ruse region, 
including its infrastructure, 
environment, history and future 
development; commitment to 
the development of the scientific 
organizations in Ruse, the 
professional development and 
growth of the scientists and the 
protection of their individual 
rights. 

The Union of Scientists – 
Ruse (US – Ruse) organizes 
publishing of scientific and 
popular informative literature, 
and since 1998 – the 
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HETEROCLINIC SOLUTIONS ON A SECOND-ORDER DIFFERENCE 
EQUATION  

 
Diko M. Souroujon 

 
Economic University of Varna 

 

Abstract: We study the existence of heteroclinic solutions for semilinear second-order difference 

equations related to the Fisher-Kolmogorov’s equation        0112  tyftykty   for   2,1k . 

Analogous equation is considered in [5] and this paper continues the considerations there. The proves of the 
present results are based on monotonicity and continuity arguments. 

Keywords: Heteroclinic solutions, Initial value problem, Difference equations 

 

INTRODUCTION 
In the present paper we study the existence of heteroclinic solutions of the second-

order difference equation 

(1) 

under suitable assumptions, given in the next Section. This paper extends the 
consideration for the case  )1,0(k . The proof of the presented results is based on 

monotonicity and continuity arguments. Equation (1) is related to Fisher-Kolmogorov's 

equation   uguu xxt   , which was introduced in the papers of Fisher [7] and Kolmogorov 

[8] and it is originally motivated by models in population dynamic. Looking for traveling 

waves     CtxUtxu ,  , with speed  C , one obtains the second-order ODE  

   (2) 

We note that a similar equation 

 

 (3)                                       

is considered in [5]. It is easy to see that (3) is equivalent to Equation (1) with  
1


c
ck  . In 

[5] is considered the case when  0c  , i.e.   1,0k  . In the present paper is considered 

the case   2,1k   under some additional conditions for the function   .f  , given in the 

next Section. Here we derive our main results using simple monotonicity and continuity 
arguments. As it is described in [1], Equations (1) and (3) appear after a discretization and 
rescaling of Eq (2). Fast and heteroclinic solutions of Eq (2) are studied in the paper of 
Arias [2]. Several metods of considerations of various classes of difference equations can 
be found for example in [3], [4], [6], [9] etc. 

BASIC ASSUMPTIONS AND THE BEHAVIOR OF SOLUTIONS FOR  0t .  

We consider the equation (1), where       ,1 tytyty     

       ,1222 tytytyty     Z   is the set of integers and the constant   2,1k  . For 

the function   .f   we suppose that the following conditions are fulfilled: 

 

U CU g(U) 0.   

        2y t 1 k y t 1 f y t 0, t Z   for   k 1, 2        

      2y t 1 c y t f y t 0, t Z      
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C1. For any two numbers   1,0x   and   1,0y   and  yx  , 

 
 (4)                                         
 

C2.     R1,0:f    , where      010  ff   and    0yf   for   1,0y ; 

C3.      xkxf  11   and  f   is strictly monotonous decreasing function in a small 

left neighbourhood of  1. 

  Obviously we can define the function   yf   so that it is defined  Ry  , as  

  0yf   for   1,0y . So the function   .f   such defined, satisfies Lipshich condition for 

any two numbers  Rx   and  Ry  . In particular thus defined function   yf   is 

continuous  Ry  . 

Lemma 1. Let the function f  satisfy the assumptions C1, C2 and C3. Let  l   be an 

arbitrary positive integer and  z   is an arbitrary real number, such that   1,0z  . Then 

there exists a real number   1,0 zz    such that there exists a solution   ty   of (1), 

satisfying the conditions:    00 zty   ,    zlty 0  , ( 0t   is an arbitrary  integer ),    ty   is a 

monotonous decreasing function for  0tt   , i.e.     tyty 1   for  0tt   ,  Zt  ,    0ty   

for  0tt   ,  Zt   and    0lim ty   for  t  . 

Proof:    Equation (1) can be written in the form 

                       .11111 tyftytyktyftytyktyty     (5) 

If in (5) we replace  t   whith  1t  , we obtain 

             12111  tyftytyktyty                                               (6)    

and now from (5) we substract (6): 
         
                   ;12111

11





tyftyftytytytyk

tytytyty
 

                        1211121  tyftyftytyktytyktyty   ;  

                         .2111121  tytyktyftyftytyktyty  (7) 

 

From condition C1, the sign of               112  tyftyftytyk   of (7) 

coinsides with the sign of     1 tyty   for  2k  . Thus from (7) it follows that for  

 2,1k ,  

if      021  tyty   and      01  tyty  , then      01  tyty  ;  

and 

if      021  tyty   and      01  tyty  , then      01  tyty  . 

And also if at least one of the first or the second inequality is strong, then the thirth 
inequality is also strong. 

So it follows that if we choose the values     1,00 ty   and     1,010 ty   such that 

     (8) 

then       01 00  tyty   and      012 00  tyty  and it follows that     023 00  tyty , 

i.e.        321 0000  tytytyty  . By analogy    43 00  tyty   etc.  

Thus we obtain that    tyty 1   for  0tt   ,  10 t  ,  20 t  , ..., i.e. the solution  

  ty   of (1) is strictly monotonous decreasing function for  0tt   ,  Zt  . So we have to 

choose the values   0ty   and   10 ty   of the interval   1,0   such that (8) is valid and  

     f x f y 2 k x y ;   

     0 0 0y t y t 1 y t 2 ,   
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 20 ty   is obtained from (5). Let now    10 1 ty  ,    210 11  ty  , where  01    

and  02    are sufficiently small numbers. From (5) 

             

    ,11

11112

212

00000

 



fk

tyftytyktyty
 

i.e. 
  (9)                       
 

At first we choose  02    sufficiently small and then  01    be such that the right 

hand side of (9) is less than  0 . It is posibile  because    0yf   for   1,0y . It shows that 

we can choose the small numbers  01    and  02    such that (9) is negative, i.e.  

    012 00  tyty  , which provides that    ty   is monotonous decreasing for  0tt   . 

From (5),                  0111121  tyktyftyktykty  if    0ty   and  

  01 ty  , since from C2           tyktyftyf  2   for    0ty  . Thus we obtain that 

if    00 ty   and    010 ty  , then    020 ty  ,    030 ty  , ..., i.e. 

   0ty   for  0tt   ,  10 t  ,  20 t  , ...  . 

Obviously this monotonous decreasing sequence with positive members has finite 

limit     1,0lim 
t

tyl  . If in (5) we take the limit for  t   we obtain    0lf . Since  

  0yf   for   1,0y , it follows that  0l , i.e. the monotonous decreasing sequence  

  
 0tt

ty  , for which     1,0ty   for  0tt   ,  Zt  , tends to  0  . Now we show that we can 

choose   0ty   and   10 ty   of the interval   1,0   such that for the corresponding 

monotonous decreasing sequence    
 0tt

ty   satisfying (5), the numbers  ty , 0tt   ,  10 t  

, ...,  lt 0  , are sufficiently close to  1.  

At first we note that from (7) and condition C1, 

               

             ,21,1max14

211141





tytytytykk

tytyktytyktyty
 

i.e.                                    .21,1max31  tytytytytyty               (10) 

If the sequence    
 0tt

ty   is decreasing, then 

(11) 
 

If    10 1 ty  ,    210 11  ty  , then      01 200  tyty   and from (9)  

        22100 1121   kftyty  . We choose sufficiently small numbers 01   

and 02    such that the number      011 221   kf   is sufficiently small. It is 

possibile, because    0yf   for   1,0y  ,    01 f   and   yf   is continuous function. 

Denote       011,max 22120   kf  , which can be an sufficiently small positive 

number for appropriate choice of  1   and  2  and 

         21,1max 00000  tytytyty . Then from (11)  

    000 310 sstysty    for  1,0s  , ...,  1l   and hence 

                  

      ,3...331

1...211

013
13

00

12

0

00000000



 


l

tyty

ltyltytytytytytylty

l
 

       0 0 2 1 2y t 2 y t 1 k 1 f 1 .         

            0 y t y t 1 3max y t 1 y t , y t 2 y t 1 .        



MATHEM ATICS  

 

P R O C E E D I N G S  O F  T H E  U N I O N  O F  S C I E N T I S T S  –  R U S E  V O L .  13  /  2016  

 
10 

 i.e.      0002
13

0 tyltyty
l

    . Since  Nl   is a fixed positive integer, then for any 

given in advance number  z  , we can choose  00    sufficiently small and such that 

       .
2

13
1

2

13
0100 zty

ll







                (12)                               

It is possibile, because  00    and  01    are sufficiently small numbers and hence  

02
13

11  
l

  is sufficiently close to  1 . 

Now let   1,0z   be an arbitrary number. Then we choose    10 1 ty   and  

  210 11  ty    as it is described above and such that (12) is valid. Then the 

monotonous decreasing sequence    
 0tt

ty   satisfies (1),      011  tyty   for  0tt   ,  

Zt   and     1,zty    for  0tt   ,  10 t  , ...,  lt 0   and    0lim ty   for  t  . Then 

there exists an positive integer  ll 1   such that 

                       (13)     
                               

Now let us give the following observation. Let    ty   and    tz   are two solutions of 

(1), i.e. they satisfy (5). Then from (5) 

            tyftyktykty  1121  ; 

            tzftzktzktz  1121  

and we substract the last equalities: 

                        .111211  tztyktzftyftztyktzty        (14)        

From (14) and C1 it follows that 

            .011      0    011  tztythentztyandtztyif             (15)     

Also if at least one of the first or the second inequalities of (15) is strong, then the 

third inequality of (15) is strong, i.e.     11  tzty  . In particular if     00 tzty    and  

   11 00  tzty   and at least one of these two inequalities is strong, then     tzty    for  

20  tt  ,  Zt . (In particular, putting   Zttz  ,0 , we obtain that   0,0 ttty  ). 

Let now as above  02    be small number. We define the function   21    so that 

               (16)                             
 

and   21    is the smallest positive root of (16). Indeed, from C3      22 11   kf   and 

from C2 such positive root exists   0

22 ,0     for some sufficiently small  00

2   . 

 Thus    21    is a continuous function for   0

22 ,0   , because from C3  f   is 

strictly monotonous decreasing function in a small left neibourhood of  1. More precize 

from (16)       011 2

1

221    kf  , where    2

1 1  kf   is the value of small left 

neighbourhood of  1  and hence  this function   21    is continuous function for   0

22 ,0     

and also    021    is sufficiently small, when  02    is sufficiently small. For such 

choosen   21   , if for the solution    ty   of (1) we choose as above 

                  (17)                           
 

then from (9)     12 00  tyty   and     1 tyty   for  20  tt  ,  Zt  . 

Let now define the solution    ty1   of (1) such that 

    1

2101 1 ty  ,        1

2

1

2101 11  ty  

   0 1 0 1y t l 1 z, y t l z.    

    1 2 2 2f 1 k 1      

   0 1 0 1 2y t 1 , y t 1 1 ,       
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and let    01

2    be a number so small that inequalities (13) hold, where   1,0z   is an 

arbitrary fixed real number and  ll 1  ,  Nl   is an arbitrary fixed (sufficiently large) posi-

tive integer. Now we choose      0

2

1

2

2

2 ,    such that 

     (18)                                       
 

It is possible, because the right hand-side of (18) is sufficiently small positive number 

for sufficiently small   01

2   and  21   is positive for 02  . Now we define an other 

solution    ty2   of (1) such that      2

2102 1 ty  ,        2

2

2

2102 11  ty  . Then from 

(18)     10102  tyty   and from (13), which are valid for    ty1   and (15) we obtain: 

            (19)                       
 

Let now    ty   be an arbitrary solution of (1), for which (17) holds for   211    . 

Since   21    is a continuous function for   0

22 ,0    , then   110  lty   is a continuous 

function with respect   0ty   and   10 ty   and hence   110  lty   can be considered as a 

continuous function with respect   0

22 ,0    , where  1l   is a fixed positive integer. Then  

 ty1   is obtained from   ty   for   1

22     and   ty2   is obtained from   ty   for   2

22     . 

From (19) there exists        2

2

1

2

0

2 ,   , such that if we define the solution    ty3   of (1) 

such that (17) is valid for    0

211    , then 

          .Z,2     1  12,1 0330303103  tttfortytyandtytyzlty      (20)      

Since  ll 1  , where  Nl   is an arbitrary fixed, sufficiently large positive integer, 

then from (20) the solution    



0

113 tt
llty   of (1) satisfies all conditions of Lemma 1 for  

 11030  lltyz   and we can choose  ll 1  . Lemma 1 is proved.  

 

HETEROCLINIC SOLUTIONS OF (1) 

If   ty   is a solution of (1), then  

          (21) 
 
 

and           tyftytyty
kkk

k
1

1
1

1
1
2 11


   ,   2,1k  . If   tz   is another solution of (1), 

then we obtain: 

 
 

 
(22)                     
 

From C1 the sign of               tzftyftztyk 2   coinsides with the sign of  

   tzty    for    2,1k   and we conclude that: If      011  tzty   ( 0  ) and  

    0 tzty   ( 0  ), where at least one of these inequalities is strong, then  

    011  tzty   ( 0  ). In particular if    ty   is a solution of (1), then    1ty   is also 

a solution of (1) and for     1 tytz  , we can do the previous conclusion. If we have one 

of these situations, it follows that the sign of     tzty    (or     1 tyty  ) changes 

       2 1 1

1 2 1 2 2 .     

     2 0 1 1 0 1 1 0 1y t l 1 y t l z y t l 1 .       

           
1 1

y t y t 1 y t 1 y t f y t
k 1 k 1

      
 

                 

    

1
y t 1 z t 1 2 k y t z t f y t f z t

k 1

1
y t 1 z t 1 .

k 1
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(oscilates) when  t  , i.e. for  0tt   ,  10 t  ,  20 t  , ... .And in each of these cases 

from (22) it follows that 
 
              (23)                           

 
or 

 
                (24)                              
 

From (24) it follows that if    ty   is a heteroclinic solution, then for any  Zt   

sufficiently small negative integer, it is not possibile that      021  tyty   and  

    01  tyty  , where at least one of these inequalities is strong and the converse case 

(     021  tyty   and      01  tyty , where at least one of these inequalities is 

strong) is not possible, because from (24) since  1
1

1 
k

  for    2,1k , it follows that  

     tyty 1lim   for  t   and since the signs of     tyty 1   change alternatively 

when  t  , then   ty
t 
lim   does not exists. Thus if    ty   is a heteroclinic solution of 

(1), then    ty   has to be monotonous. But if     tyty 1   for some  Zt  , then from 

(21)      01  tyty  , i.e.       11  tytyty   and hence the sequence    ty   cannot 

be monotonous  Zt  .  

By analogy, if       1,01  tyty   for some  Zt  , then from (21)      01  tyty   

and we obtain    

                  

    .1
1

1

112
1

1
12











tyty
k

tyftyftytyk
k

tyty

 

  Since       01
1

1 


tyty
k

 , then from C1,  

   

               , 0112
1

1

12








tyftyftytyk
k

tyty

 

i.e.       tytyty  12   and hence again    ty   cannot be monotonous  Zt  . Thus 

if    ty   is heteroclinic solution of (1) then  

                    Z1  ttyty                          (25)                                            

and    0lim 


ty
t

 . We prove now that  

 (26)                                              
 

Suppose the contrary, i.e. that     1,00 ty  , but    110 ty  . Then putting    1tz , 

Zt    we obtain that    120 ty  ,    130 ty  , ..., i.e.       21 000  tytyty , which 

contradics with (25). Thus we prove that (26) holds. If we take limit in (21) for  t , 

then we obtain that    0lf , where   tyl
t 

  lim   and from (26)   1,0l . Since    0uf   

for   1,0u  , we conclude that the only possibility is  1l  . Thus any heteroclinic solution 

of (1) satisfies conditions (25) and (26) and    0lim 


ty
t

 ,    1lim 


ty
t

 . 

       
1

y t 1 z t 1 y t 1 z t 1
k 1

      


       
1

y t 1 y t y t 1 y t 2 .
k 1

     


   y t 0, 1 t Z.  
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Lemma 2.  Let the function f  satisfy  the assumptions C1, C2 and C3. Then for any  

 1,01 y , there exists at most one heteroclinic solution    ty   of (1) with the property  

  11 yy   . 

Proof:  Let    ty   and    tz   are two heteroclinic solutions of (1) for which  

    111 yzy   . If     00 zy    then obviously     tzty     Zt  . Let us suppose for 

example that     00 zy   . Since     11 zy   , then from (22)     11  zy  ,     22  zy  

, ... and         tztytzty
k


1
122    Zt  . Since  1

1
1 
k

  for   2,1k  , then it 

follows that      


tzty
t
lim   and then both  ty   and   tz   cannot be heteroclinic 

solutions of (1). Lemma 2 is proved. 

   Our aim now is to prove the existence of heteroclinic solution    ty   of (1) for which  

  11 yy   . Our main result is 

Theorem 3. Let the function f  satisfy the assumptions C1, C2 and C3. Then for any 

real number   1,01 y  , there exists an unique heteroclinic solution of (1)    ty  , satisfiyng 

the conditions:    11 yy   ,     1 tyty  ,  Zt  ,     1,0ty  ,  Zt   and     0lim 


ty
t

   

and    1lim 


ty
t

 . 

Proof: Let    ty   be a solution of (1) for which     1,01 1  yy . Let    00 yy   . If we 

denote    22 yy  , then from (21)            011 11010112  yfyykyfyykyy   

iff  
                                (27)                                              
 
 

i.e. (27) holds if and only if  012 yyy   . From (22) it is easy to obtain that  

 
      (28)                      
 

So (27) is nessesary and sufficient condition for      ,...1,0,1  ttyty   . Thus we 

obtained that    ty   is monotonously decreasing solution of (1) for  0t   if and only if (27) 

holds. Further for any fixed real number  0y   satisfying (27), we can obtain the solution  

  ty   of (1) for  Zt  . Our aim is to prove that there exists  0y   satisfying (27) such that 

the obtained solution     01,, yytyty    of (1) satisfies the conditions (25) and (26). Let now 

for  Nn   with    tyn   we denote the solution of (1), satisfying Lemma 1, i.e.    11 yyn    

and     1 tyty nn    nt   ,  Zt , i.e.      0,, 1 nn yytyty    and obviously   0ny   

satisfies (27). Then the obtained sequence    
1

0
nny   is bounded and one can choose a 

convergent subsequence    
1

0
knk

y   for which  kn   when  k   and  

    
1110
1,0lim





k

yf

n
k

yyyy
k

 , see (27). That means the solutions of (1)     
11 0,,

knk
yyty   

have the properties     11 0,,1 yyyy
kn   ,      00,,0 1 kk nn yyyy    and  

          (29)                     
 

We prove that     
01,, yytyty    is the sought heteroclinic solution. We assume at 

first that there exists N0 s   such that     100  sysy  , but     100  sysy  , i.e.  

 1

1 0 1

f y
y y y ,

k 1
  



       

   

If   y t 1 z t 1 0 ( 0) and  y t z t 0( 0),

then   y t 1 z t 1 0 ( 0) .

       

    

     
k k1 n 1 n ky t, y , y 0 y t 1, y , y 0 t n , t Z.     
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010010 ,,1,, yysyyysy    and     

010010 ,,1,, yysyyysy   . Since  N0 s   is a 

fixed number, then   010 ,, yysy  ,   010 ,,1 yysy  ,   010 ,,1 yysy    are continuous 

functions with respect to  0y . Hence for sufficiently large numbers  Nkn ,  

  
  (30)                     

 
 

But (30) contradics to (29) for sufficiently large numbers  k , such that  0snk  . 

Hence the above assumption is not true. This fact, the fact that  
  

1110
1,




k

yf
yyy   and (28) 

show that the solution of (1)    
01,, yytyty   thus defined is a monotonously nonincreasing 

sequence, i.e.  

                      .Z,1  ttyty                                                                          (31)                                     

We assume now that for some  Z0 t  ,     100  tyty  . Then from (21) we obtain  

       01 01
1

00 


tyftyty
k

  and from (22) and C1,  

                   011212 00001
1

00 


tyftyftytyktyty k  , (because the last 

expression can be equal to  0   iff         112 0000  tytytyty  , i.e.    0ty   or  

  1ty    Zt  , which is impossible). Thus we obtain that       000 12 tytyty  , 

which contradicts to (31). Thus (31) be in force, must all inequalities in (31) to be strong, 

i.e. for the our solution     
01,, yytyty  , (25) holds, i.e.    1 tyty ,  Zt . Also if  

 1,01 y , then  010  yy , i.e.     010  yy   and from the considerations in the previous 

Section it follows that    0ty ,  Zt . But we proved that if    ty   satisfies (25), then (26) 

also holds. Thus we prove that the solution     
01,, yytyty    of (1) satisfies (25) and (26) 

and as we show above,  

     1lim    and   0lim 


tyty
tt

,       (32)                     

i.e.   ty   is the sought heteroclinic solution.      

Corollary 4.  Let the function f  satisfy the assumptions C1, C2 and C3. Then for 

any real number   1,00 y   and arbitrary  Z0 t , there exists an unique heteroclinic 

solution of (1)    ty   satisfiyng the conditions:    00 yty  ,     1 tyty ,  Zt ,  

   1,0ty  ,  Zt   and     0lim 


ty
t

   and    1lim 


ty
t

 . 

Proof: Let    ty   be the heteroclinic solution of (1), for which    01 yy    and    ty   

satisfies the other conditions of Theorem 3 - (25), (26) and (32). Then    01 tty    is also 

a heteroclinic solution of (1), which also satisfies (25), (26), (32), and for  0tt  ,  

    00 11 yytty  . The proof is completed.  

Example. We give a class of functions, satisfying the assumptions C1, C2 and C3. 

Let        nn xxkkcxf  112 ,  1,0x , where c and n are constant numbers such that 

 1,0c , 1n . Obviously f satisfies the assumptions C2 and C3. In order to prove that f 

satisfies the assumption C1, we have        xxxnxx
nnn 2111

1






 and since 

   41,01  xx  and 121  x  for  1,0x , we deduce that      1
4

411
1

1









n

nnn n
nxx  

for  1,0x , because it is easy to prove that nn 14  for   ,1n . Hence 

     

     
k k

k k

0 1 n 0 1 n

0 1 n 0 1 n

y s , y , y 0 y s 1, y , y 0    and  

   y s , y , y 0 y s 1, y , y 0 .
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     kkkxf  212  for  1,0x , since  2,1k . Thus we show that  the assumption 

C1 is satisfied. 
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ХЕТЕРОКЛИНИЧНИ РЕШЕНИЯ НА ЕДНО ДИФЕРЕНЧНО УРАВНЕНИЕ 
ОТ ВТОРИ РЕД 

 
Дико Моис Суружон 

 
Икономически Университет – Варна 

 
Резюме: В предлаганата статия се изследва проблемът за съществуване на хетерокли-

нични решения за полулинейно диференчно уравнение от втори ред, свързано с уравнението на 
Фишер - Колмогоров Δ²y(t-1)+kΔy(t-1)+f(y(t))=0 за k∈ (1,2). Аналогично уравнение се разглежда в [5] и 
тази работа е продължение на разглежданията в [5]. Доказателствата на представените ре-
зултати са базирани на съображения за монотонност и непрекъснатост.  

Ключови думи: Хетероклинични решения, Задача с начални условия, Диференчни уравнения 
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