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HETEROCLINIC SOLUTIONS ON A SECOND-ORDER DIFFERENCE
EQUATION

Diko M. Souroujon

Economic University of Varna

Abstract: We study the existence of heteroclinic solutions for semilinear second-order difference
equations related to the Fisher-Kolmogorov’s equation A y(t —1)+ kAy(t —1)+ f(y(t)) =0 for ke (1, 2).

Analogous equation is considered in [5] and this paper continues the considerations there. The proves of the
present results are based on monotonicity and continuity arguments.

Keywords: Heteroclinic solutions, Initial value problem, Difference equations

INTRODUCTION
In the present paper we study the existence of heteroclinic solutions of the second-
order difference equation
Azy(t—1)+kAy(t—1)+f(y(t))zo, teZ for ke(l 2) (1)
under suitable assumptions, given in the next Section. This paper extends the
consideration for the case ke (0,1). The proof of the presented results is based on

monotonicity and continuity arguments. Equation (1) is related to Fisher-Kolmogorov's
equation u, =u,, + g(u) , which was introduced in the papers of Fisher [7] and Kolmogorov

[8] and it is originally motivated by models in population dynamic. Looking for traveling
waves u(x,t)=U(x—Ct) , with speed C, one obtains the second-order ODE

U”"+CU +g(U) =0. (2)
We note that a similar equation

A’y(t-1)+cAy(t)+f(y(t))=0, teZ (3)
is considered in [5]. It is easy to see that (3) is equivalent to Equation (1) with k=-5 . In

c+l

[5] is considered the case when ¢>0 ,i.e. ke (0,1) . In the present paper is considered
the case ke(L,2) under some additional conditions for the function f() , given in the

next Section. Here we derive our main results using simple monotonicity and continuity
arguments. As it is described in [1], Equations (1) and (3) appear after a discretization and
rescaling of Eq (2). Fast and heteroclinic solutions of Eq (2) are studied in the paper of
Arias [2]. Several metods of considerations of various classes of difference equations can
be found for example in [3], [4], [6], [9] etc.

BASIC ASSUMPTIONS AND THE BEHAVIOR OF SOLUTIONS FOR tZO
We  consider the  equation (1),  where Ay(t)=y(t+1)-y(t)

Ay(t)=y(t+2)-2y(t+1)+y(t), Z is the set of integers and the constant ke(1,2) . For
the function f() we suppose that the following conditions are fulfilled:

IPROCEEDINGS OF THE UNION OF SCIENTISTS — RUSE VOL. 13/ 2016| 7




MATHEMATICS

C1. For any two numbers xe[0,1] and ye[0,1] and x=y,

|f (x)—f(y)|<(2—k) Ix—yl; (4)

c2. f :[01]—>R, ,where f(0)=f(1)=0 and f(y)>0 for ye(0,);
C3. f(x)<(k-1)(1-x) and f is strictly monotonous decreasing function in a small
left neighbourhood of 1.
Obviously we can define the function f(y) so that it is defined VyeR , as

f(y)=0 for ye[0,1]. So the function f() such defined, satisfies Lipshich condition for
any two numbers xeR and yeR . In particular thus defined function f(y) is
continuous VyeR .

Lemma 1. Let the function f satisfy the assumptions C1, C2 and C3. Let | be an
arbitrary positive integer and z is an arbitrary real number, such that ZE(O,].) . Then
there exists a real number z,<[z,1) such that there exists a solution y(t) of (1),
satisfying the conditions: y(t,)=z, , y(t,+1)=z ,(t, isan arbitrary integer), {y(t)} isa
monotonous decreasing function for t>t, ,i.e. y(t+1)<y(t) for t>t,, teZ, y(t)>0
for t>t,, teZ and limy(t)=0 for t—+o .

Proof: Equation (1) can be written in the form

y(t+1)-y(t) =—(k —1)(y(t)- y(t—1)) - f(y(t) = @-k)(y(t)- y(t-1)- f(y(t)) (5)

If in (5) we replace t whith t—1 , we obtain

y(t)-y(t—1)=-k)(ylt—1)-y(t-2))- f (y(t-1)) (6)

and now from (5) we substract (6):

(y(t+1)- y(t) - (y(t)- y(t-1)

@=K)[(y(t)- y(t —1))— (y(t —1)— y(t - 2))]- (£ (y(t))- f (y{t-1)));
y(t+1)—y(t)=(2—-k)(y(t)- y(t —1)) - (@—k)(y(t —1)- y(t—2)) - (f (y(t))- f (y(t-1))) ;
y(t+1)-y(t)=[2-k)(y(t)- yt-1))- (f (yt)- f (y{t-D))]+ Kk -2)(y(t-1)- y(t-2)). (7)

From condition C1, the sign of (2—k)(y(t)-y(t-1)—(f(y(t))- f(y(t-1)) of (7)
coinsides with the sign of y(t)-y(t-1) for k<2 . Thus from (7) it follows that for
ke(l,Z),

if y(t-1)-y(t-2)>0 and y(t)-y(t-1)>0,then y(t+1)-y(t)>0 ;

and

if y(t-1)-y(t—2)<0 and y(t)-y(t-1)<0,then y(t+1)—y(t)<0 .

And also if at least one of the first or the second inequality is strong, then the thirth
inequality is also strong.

So it follows that if we choose the values y(t,)e(0,1) and y(t, +1)<(0,1) such that

y(to)>y(t, +1)>y(t, +2), (8)
then y(t, +1)-y(t,)<0 and y(t, +2)-y(t, +1)<0 and it follows that y(t, +3)- y(t, +2)<0,
i.e. y(t,)> y(t, +1)> y(t, +2)> y(t, +3) . By analogy y(t, +3)> y(t, +4) etc.

Thus we obtain that y(t+1)<y(t) for t=t, , t,+1, t,+2 , .., i.e. the solution
{y(t)} of (1) is strictly monotonous decreasing function for t>t, , teZ . So we have to
choose the values y(t,) and y(t,+1) of the interval (0,1) such that (8) is valid and
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MATHEMATICS

y(t, +2) is obtained from (5). Let now y(t,)=1-¢, , y(t,+1)=1-¢ —&, , where & >0
and &, >0 are sufficiently small numbers. From (5)

Y(to + 2)_ y(to +1) = _(k _1)(Y(to +1)_ Y(to ))_ f (Y(to +1))

= _(k _1)(_‘92)_ f(l_gl _52)’

y(to+2)-y(t,+1)=(k-1) &, —f(1-¢—¢,). 9)

At first we choose &, >0 sufficiently small and then & >0 be such that the right
hand side of (9) is less than 0. Itis posibile because f(y)>0 for ye(0,1). It shows that
we can choose the small numbers & >0 and &,>0 such that (9) is negative, i.e.
y(t, +2)-y(t, +1)< 0 , which provides that {y(t)} is monotonous decreasing for t>t, .

From (5), y(t+1)=(2-k)y(t)+(Kk-1)y(t-1)-f(y(t))>(k-1)y{t-1)>0 if y{)>0 and
y(t-1)>0 , since from C2 |f(y(t)]= f(y(t))<(2-k)y(t) for y(t)>0 . Thus we obtain that
if y(t,)>0 and y(t,+1)>0 ,then y(t,+2)>0, y(t,+3)>0,...,i.e.

y(t)>0 for t=t,, ty+1, t,+2,... .

Obviously this monotonous decreasing sequence with positive members has finite
limit I =limy(t)e[0,1) . If in (5) we take the limit for t—+co we obtain f(1)=0. Since

t—>+o0

f(y)>0 for ye(0,1), it follows that |1=0, i.e. the monotonous decreasing sequence
@)}, . forwhich y(t)e(0,1) for t>t,, teZ  tendsto 0 . Now we show that we can
choose y(t,) and y(t,+1) of the interval (0,1) such that for the corresponding
monotonous decreasing sequence {y(t)},", satisfying (5), the numbers y(t), t=t, , t,+1
, ..., Lo+, are sufficiently close to 1.
At first we note that from (7) and condition C1,
| y(t+2)-y(t) < (- k)| y(t)- y(t 1)+ (k-1 yt-1)- y(t-2)

< ((4-Kk)+ (k—2))max{ y(t)- y(t-1),| y(t-1)- y(t-2)}

i.e. | y(t+2)- y(t) < 3max{ y(t)- y(t —1),| y(t-1)- y(t—2)} (10)
If the sequence {y(t)}", is decreasing, then
0< y(t)—y(t+1)<3max{ y(t-1)-y(t), y(t—2)-y(t-1)}. (12)

It yt,)=1-¢ , y(t,+1)=1-¢ -5, , then y(t,)-y(t,+1)=5,>0 and from (9)
y(t, +1)-y(t, +2)= f(l-& —¢,)-(k-1)e, . We choose sufficiently small numbers &, >0
and &,>0 such that the number f(l—g —¢,)—(k-1)g, >0 is sufficiently small. It is
possibile, because f(y)>0 for ye(0,1), f(1)=0 and f(y) is continuous function.
Denote ¢, =max{e,, f(l-& —&,)—(k—1)s,}>0 , which can be an sufficiently small positive
number for appropriate choice of & and ¢, and
&, = max{y(t,)— y(t, +1), y(t, +1)— y(t, +2)}. Then from (11)
0<y(t, +s)-y(t, +s+1)<3°¢, for s=0,1,.., -1 and hence
Y(to +1) = ylto) = (ylto)— y(to +1)= (y(to +2)= y(to +2))— .. = (y(ty +1-2) = y(t +1))
> y(ty) = (43432 +..+3 )y = ylt,)- 3L &,
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i.e. y(t,)-3%te, < y(t, +1)<y(t,) - Since 1N is a fixed positive integer, then for any
given in advance number z , we can choose g, >0 sufficiently small and such that

3 -1 3 -1
y(t,) St =lma———a>1 (12)

It is possibile, because &,>0 and & >0 are sufficiently small numbers and hence
1-g,—3Lg, is sufficiently close to 1 .

Now let ze(0,1) be an arbitrary number. Then we choose y(t,)=1-¢ and
y(t, +1)=1-¢ —&, as it is described above and such that (12) is valid. Then the
monotonous decreasing sequence {y(t)}", satisfies (1), 1>y(t)>y(t+1)>0 for t>t,
tez and y(t)e(z,1) for t=t,, t,+1,.. t,+l and limy(t)=0 for t—+oo . Then
there exists an positive integer 1, >1 such that

y(to+,-1)>z, y(t, +1,) <z (13)

Now let us give the following observation. Let {y(t)} and {z(t)} are two solutions of
(1), i.e. they satisfy (5). Then from (5)
y(t+1)=(2-K)y(t)+(k-2)y(t-1)- f(y(t)) ;
2(t+1)=(2—k)z(t)+(k —1)z(t —1)— f(z(t))

and we substract the last equalities:
y(t+1)-z(t+1)=(2-k)(y(t)-2(t) - (f (y(t) - f O)+(Kk-2)(y{t-1)-2z(t-1)} (14
From (14) and C1 it follows that
if y(t—1)-z(t-1)>0 and y(t)—z(t)>0 then y(t+1)-z({t+1)>0. (15)
Also if at least one of the first or the second inequalities of (15) is strong, then the
third inequality of (15) is strong, i.e. y(t+1)>z(t+1) . In particular if y(t,)>z(t,) and

y(t, +1)>z(t, +1) and at least one of these two inequalities is strong, then y(t)> z(t) for
t>t,+2, teZ. (In particular, putting z(t)=0, Vt € Z , we obtain that y(t)>0,t>t,).
Let now as above ¢, >0 be small number. We define the function &,(s,) so that

f(l-g(s)-5)=(k-1) & (16)

and ¢(g,) is the smallest positive root of (16). Indeed, from C3 f(1-s,)<(k-1)s, and
from C2 such positive root exists Ve, e(O,g;_)] for some sufficiently small &) >0 .

Thus &(s,) is a continuous function for &, e(o,gg], because from C3 f is
strictly monotonous decreasing function in a small left neibourhood of 1. More precize
from (16) &(s,)=1-¢,—f *((k-1)s,)>0 , where f*((k-1)¢,) is the value of small left
neighbourhood of 1 and hence this function &(s,) is continuous function for &, e(o,gg]
and also (g,)>0 is sufficiently small, when ¢,>0 is sufficiently small. For such
choosen ¢,(g,) , if for the solution {y(t)} of (1) we choose as above

y(ty)=1-¢, y(t,+1)=1-¢ —¢,, (17)

then from (9) y(t, +2)=y(t, +1) and y(t)>y(t+1) for t>t,+2, teZ .
Let now define the solution {y,(t)} of (1) such that
Y1(to):1_51(‘9£1)) , yl(tO +1):1_51(‘9£1))_5£1)

IPROCEEDINGS OF THE UNION OF SCIENTISTS — RUSE VOL. 13/ 2016| 10




MATHEMATICS

and let ¢ >0 be a number so small that inequalities (13) hold, where ze(0,1) is an

arbitrary fixed real number and I, >1 , IeN is an arbitrary fixed (sufficiently large) posi-
tive integer. Now we choose &%) e (&, £0) such that
& (ggz)) > & (ggl) ) + ggl). (18)

It is possible, because the right hand-side of (18) is sufficiently small positive number
for sufficiently small & >0 and &,(g,) is positive for &, >0. Now we define an other

solution {y,(t)} of (1) such that y,(t,)=1-z,(c?), y,{t; +1)=1-z,(c?)- £ . Then from
(18) v,(t,)<,(t, +1) and from (13), which are valid for {y,(t)} and (15) we obtain:
Y, (t+1=1) <y, (t,+1,) <z <y, (t, +1, -1). (19)

Let now {y(t)} be an arbitrary solution of (1), for which (17) holds for & =¢(e,) .
Since ¢,(e,) is a continuous function for &, €(0,£2] , then y(t,+1,~1) is a continuous
function with respect y(t,) and y(t, +1) and hence y(t,+l,—1) can be considered as a
continuous function with respect ¢, e(o,gg] , Where |, is a fixed positive integer. Then
y,(t) is obtained from y(t) for &,=s" and y,(t) is obtained from y(t) for &, =&? .
From (19) there exists £ (s, &%) , such that if we define the solution {y,(t)} of (1)
such that (17) is valid for z, = () , then

Vot +1, —1)=2,y,(t, +2)=y5(t, +1) and y,(t)> y,(t+1) for t>t,+2,teZ  (20)

Since |, >1 , where l1eN is an arbitrary fixed, sufficiently large positive integer,

then from (20) the solution {y,(t+1, —1-1)}", of (1) satisfies all conditions of Lemma 1 for

z, = Y,(t, +1,—1-1) and we can choose |, >>1 . Lemma 1 is proved.

HETEROCLINIC SOLUTIONS OF (1)
If y(t) is a solution of (1), then

Y(0)-(t-1) = {y(t+2)-y(0) - (v (D)

k-1

(21)

and y(t-1)=%2y(t)+ & yt+1)+L f(y(t)), ke@2).If z(t) is another solution of (1),
then we obtain:

1

y(t-0)-2(t-1) =~ = (2-k) (y()-2(0)~(F (v(1) - (2(1)]

+$(y(t+l)—z(t+1)) . (22)

From C1 the sign of (2—k)(y(t)—z(t))—(f(y(t))- f(z(t))) coinsides with the sign of
y(t)-z(t) for ke(,2) and we conclude that: If y(t+1)-z(t+1)>0 ( <0 ) and
y(t)-z(t)<0 ( 20 ), where at least one of these inequalities is strong, then
y(t—-1)-z({t-1)>0 ( <0 ). In particular if {y(t)} is a solution of (1), then {y(t+1)} is also
a solution of (1) and for z(t)=y(t+1) , we can do the previous conclusion. If we have one
of these situations, it follows that the sign of y(t)-z(t) (or y(t)-y(t+1) ) changes
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(oscilates) when t— - ,i.e.for t=t,, t,-1, t,—2 , ... .And in each of these cases
from (22) it follows that

‘y(t—l)—z(t—l)‘zﬁ‘y(ul)—z(tﬂ)‘ 23)
or

‘y(t—l)—y(t)‘2ﬁ‘y(t+1)—y(t+2)‘. ”

From (24) it follows that if {y(t)} is a heteroclinic solution, then for any teZ
sufficiently small negative integer, it is not possibile that y(t+1)-y(t+2)>0 and
y(t)-y(t+1)<0 , where at least one of these inequalities is strong and the converse case
(y(t+1)-y(t+2)<0 and y(t)-y(t+1)>0, where at least one of these inequalities is
strong) is not possible, because from (24) since 1 >1 for ke(1,2), it follows that

limy(t+1)—y(t) =0 for t——o and since the signs of y(t—1)-y(t) change alternatively
when t——oo, then lim y(t) does not exists. Thus if {y(t)} is a heteroclinic solution of

(1), then {y(t)} has to be monotonous. But if y(t+1)>y(t) for some teZ , then from
(21) y(t-1)-y(t)>0 ,ie. y{t-1)>y(t)<y(t+1) and hence the sequence {y(t)} cannot
be monotonous VteZ .

By analogy, if y(t+1)=y(t)e(0,1) for some teZ , then from (21) y(t—1)-y(t)>0

and we obtain

y(t-2)- y(t-1)= — -1yt -0~ yO)-(F (y(t-2)- F (yO)

L (y(t)- y(t+1)

+_

k-1

Since Z;(y(t)-y(t+1))=0, then from C1,
y(t-2)-y(t-1)

-~ [2-K)(y-D- y)- (1 (ve-2)- Ty <o,
i.e. y(t-2)<y(t-1)>y(t) and hence again {y(t)} cannot be monotonous vteZ . Thus

if {y(t)} is heteroclinic solution of (1) then

y(t)> y(t+1) vteZ (25)
and lim y(t)=0 . We prove now that

y(t)e(0, 1) VteZ (26)

Suppose the contrary, i.e. that y(t,)e(0,1) , but y(t,—1)>1 . Then putting z(t)=1,
teZ we obtain that y(t,-2)<1, y(t,-3)>1, .., ie y(t)<ylt,—1)>y(t, —2), which
contradics with (25). Thus we prove that (26) holds. If we take limit in (21) for t— —oo,
then we obtain that f(I_)=0, where | = lim y(t) and from (26) I_<(0,1]. Since f(u)>0
for ue(0,1) , we conclude that the only possibility is 1 =1 . Thus any heteroclinic solution
of (1) satisfies conditions (25) and (26) and lim y(t)=0, lim y(t)=1.
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Lemma 2. Let the function f satisfy the assumptions C1, C2 and C3. Then for any
y, €(0,1), there exists at most one heteroclinic solution {y(t)} of (1) with the property
y(1)= Yi -

Proof: Let {y(t)} and {z(t)} are two heteroclinic solutions of (1) for which
y@O)=z@1)=y, . If y(0)=2z(0) then obviously vy(t)=z(t) VteZ . Let us suppose for
example that y(0)>z(0) . Since y(1)=2z(1) , then from (22) y(-1)<z(-1), y(-2)>z(-2)
,..and  |y(t-2)-z(t-2) > &|y(t)-z(t] vtez .Since X >1 for ke(l2) , then it
follows that tIlrpoo|y(t)—z(t]=oo and then both y(t) and z(t) cannot be heteroclinic

solutions of (1). Lemma 2 is proved.
Our aim now is to prove the existence of heteroclinic solution {y(t)} of (1) for which

y(1)=y, . Our main result is

Theorem 3. Let the function f satisfy the assumptions C1, C2 and C3. Then for any
real number y, €(0,1) , there exists an unique heteroclinic solution of (1) {y(t)} , satisfiyng
the conditions: y(1)=vy, , y(t)>y(t+1), vtez, y(t)e(01), teZ and tILrEoy(t):O

and lim y(t)=1.

t——0

Proof: Let {y(t)} be a solution of (1) for which y(1)=vy, €(0,1). Let y(0)=y, . If we
denote y(2)=y,, then from (21) y, -y, =~(k=1)(y, = ¥o)— f(v.)=(k=1)(¥o —¥1)- f (1) <0
iff
f(y,) (27)

k-1’

Yi<VYo<VY:+

i.e. (27) holds if and only if y, <y, <y, . From (22) it is easy to obtain that
If y(t—-1)—-z(t-1)>0 (>0) and y(t)—z(t)=>0(>0),
then y(t+1)—z(t+1)>0 (>0).

So (27) is nessesary and sufficient condition for y(t)>y(t+1),t=0,1.. . Thus we
obtained that {y(t)} is monotonously decreasing solution of (1) for t>0 if and only if (27)
holds. Further for any fixed real number vy, satisfying (27), we can obtain the solution
{y(t)} of (1) for VvteZ . Ouraim is to prove that there exists y, satisfying (27) such that
the obtained solution y(t)=y(t,y,,y,) of (1) satisfies the conditions (25) and (26). Let now
for vneN with {y,(t)} we denote the solution of (1), satisfying Lemma 1, i.e. y,(1)=y,
and vy, (t)>y,(t+l) Vvt>-n, teZ, ie. vy,(t)=ylty,y,(0) and obviously y,(0)

o0

n=1

(28)

satisfies (27). Then the obtained sequence {y,(0)}", is bounded and one can choose a

convergent subsequence {ynk(o)}f;l for which n —»w when k—o and

limy, (0)=y, €[y, v, +1%] | see (27). That means the solutions of (1) {yt,y,, Y (O))}:’:1
have the properties y(L y,.y, (0))=v, . ¥(0.y,.y, (0))=y, (0) and
y(t, Yir Yo, (O))>y(t+1, Yir Yo, (0)) vt>-n, teZ (29)

We prove that y(t)= y(t,yl,%) is the sought heteroclinic solution. We assume at
first that there exists s, € N such that y(-s,)>y(-s,+1) , but y(=s,)>y(-s,-1) , i.e.
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Y(_ 50’y1790)> y(_ So +1, Y1’§/0) and y(_ So’y11§/o)> y(_so -1 yliyo) . Since Sp € N isa
fixed number, then y(-s,,v,.Y,), Y(=S,+LV.,¥,). VY(-s,-1y,.y,) are continuous
functions with respect to y,. Hence for sufficiently large numbers n, € N,

y(_so’ Yo y”k (0)) > y(—So +1, \ZF ynk (O)) and

(30)
y(_so’ Y1 ym< (O)) > y(_SO -1 Y y”k (0))

But (30) contradics to (29) for sufficiently large numbers k, such that n, >>s,.
Hence the above assumption is not true. This fact, the fact that 3_/0 € [yl, A +%] and (28)

show that the solution of (1) y(t)= y(t, yl,yo) thus defined is a monotonously nonincreasing
sequence, i.e.

y(t)> y(t+1) vte Z (31)
We assume now that for some t,eZ , y(t,)=y(t, +1) . Then from (21) we obtain
y(t, —1)- y(t, )= f(y(t,))>0 and from (22) and C1,

—_1

k-1
Y(t, —2)- y(t, ~1) =~ [2 - k)(y(t, —2)- ¥(t, )~ (f (y(t; ~21)— f (y(t,))] <O , (because the last
expression can be equal to 0 iff y(t,—2)=y(t,-1)=y(t,)=y(t, +1) , ie. y{)=0 or
y(t)=1 VteZ , which is impossible). Thus we obtain that  y(t, —2)< y(t, —1)> y(t,),
which contradicts to (31). Thus (31) be in force, must all inequalities in (31) to be strong,
i.e. for the our solution y(t):y(t,yl,yo), (25) holds, i.e. y(t)>y(t+1), VteZ. Also if
y, €(0,1), then y, >y, >0, i.e. y(0)>y(1)>0 and from the considerations in the previous
Section it follows that y(t)>0, teZ. But we proved that if {y(t)} satisfies (25), then (26)
also holds. Thus we prove that the solution y(t)= y(t, yl,yo) of (1) satisfies (25) and (26)

and as we show above,
lim y(t)=0 and lim y(t)=1, (32)

t—>+00

i.e. y(t) is the sought heteroclinic solution.

Corollary 4. Let the function f satisfy the assumptions C1, C2 and C3. Then for
any real number vy, e(O,l) and arbitrary t, eZ, there exists an unique heteroclinic
solution of (1) {y(t)} satisfiyng the conditions: y(t,)=y,, Vy(t)>y(t+1), vteZ,
y(t)(01), vteZ and limy(t)=0 and lim y(t)=1.

Proof: Let {y(t)} be the heteroclinic solution of (1), for which y(1)=y, and {y(t)}
satisfies the other conditions of Theorem 3 - (25), (26) and (32). Then {y(t+1-t,)} is also
a heteroclinic solution of (1), which also satisfies (25), (26), (32), and for t=t,,
y(t+1-t,)=y(@)=Yy,. The proof is completed.

Example. We give a class of functions, satisfying the assumptions C1, C2 and C3.
Let f(x)=c(2—k)k-1Dx"(1—x)", x[01], where ¢ and n are constant numbers such that
ce(01], n>1. Obviously f satisfies the assumptions C2 and C3. In order to prove that f

satisfies the assumption C1, we have (x”(l—x)") =n(x@1-x))"*(@-2x) and since
(x”(l—x)") n

-1

<n(ly/4) :4n7131

for xe[01], because it is easy to prove that 4"'>n for ne[Lx). Hence
IPROCEEDINGS OF THE UNION OF SCIENTISTS — RUSE VOL. 13/ 2016| 14

x(1-x)e[0,1/4] and [1-2x <1 for x €[01], we deduce that
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)| (2—-k)k—1)<2-k for x€[0]], since k €(1,2). Thus we show that the assumption
C1 is satisfied.
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XETEPOKITMUHWYHU PELWLUEHUA HA EOHO AUWPEPEHYHO YPABHEHUE
OT BTOPU PE[

Aunko Mouc CypyxoH

UkoHomu4ecku YHusepcumem — BapHa

Pesrome: B npednazaHama cmamusi ce uscredsa rnpobneMbm 3a CblUecmseysaHe Ha XemepoKiu-
HUYHU pelweHust 3a rosnynuHelHo OUhepeHYHO ypasHeHuUe om emopu ped, C8bP3aHO C ypasHEHUemo Ha
Quuwep - Konimoeopoe A?y(t-1)+kAy(t-1)+f(y(t)=0 3a ke (1,2). AHanoau4HoO ypasHeHue ce pasenexda 8 [5] u
ma3su paboma e npodb/rKkeHUe Ha pasanexdaHusma 8 [5]. [Jokazamesnicmeama Ha rpedcmaseHuUme pe-
3ynmamu ca 6asupaHu Ha CbobpaxeHusi 3@ MOHOMOHHOCM U HerpeKkbCHamocm.

Knroyoeu Aymu: XemepoknuHUYHU peweHusi, 3adaya ¢ HayarnHu ycrosusi, JugepeHyHU ypasHeHUst
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