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humanitarian events directly 
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the development of the scientific 
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growth of the scientists and the 
protection of their individual 
rights.

The Union of Scientists –
Ruse (US – Ruse) organizes 
publishing of scientific and 
popular informative literature, 
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“Proceedings of the Union of 
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VISHNE IDENTITIES FOR )(2 GM
AND THEIR COMPUTER REALIZATION BY MATHEMATICA

Tsetska Rashkova, Antoaneta Mihova

Angel Kanchev University of Ruse

Abstract: Vishne gave in  [9] the explicit form of two identities of degree 8  for the matrix algebra 

)(2 GM , where G  is the Grassmann algebra. In the paper a programme in  Mathematica is used for 

proving these two identities.
Keywords: Grassmann algebra, standard polynomial, Vishne identities.

PRELIMINARIES
Let G  denote the infinite dimensional Grassmann algebra, namely 

.1,2,=,0=,,=)(= 21   jivvvvvvKVGG ijji|

The field K  has a characteristic zero. The algebra G  (without 1) has a basis 

kiii vvv 
21

, where kiii <<1 21  . The elements iv  are called generators of G  while 

the elements 
kiii vvv 

21
 for kiii <<1 21   are called basic monomials of G . For 

1= GG  a generator is 1 as well. The algebras G  and G  are PI-equivalent (they 
satisfy one and the same identities).

The algebra G  is in the mainstream of resent research in PI theory. Its importance 
is connected with the structure theory for the T -ideals of identities of associative algebras 
developed by Kemer. In [4, Theorem 1.2] he proved that any T -prime T -ideal can be 
obtained as the T -ideal of identities of one of three algebras, one of which is the algebra 

)(GMn .

Well known facts concerning the algebra G  are the following: 
Proposition 1  [5, Corollary, p. 437] The T -ideal )(GT  is generated by the identity 

0=],,[ 321 xxx . 

Proposition 2  [1, Lemma 6.1] The algebra G  satisfies 0=),,( 1
k

nn xxS   for all 

2, kn . 

Proposition 3  [2, Exercise 5.3] For )(= kk VGG  over k -dimensional vector space 

kV  all identities follow from the identity 0=],,[ 321 xxx  and the standard identity 

0,=1)(=),,( )(2(1)
)(2

212 p
pSym

pp xxxxS 



 



where p  is the minimal integer such that kp >2 . 

Proposition 4  [3, Theorem 3.5] Let K  be an infinite field. A basis of the identities 
of kG2  is given by the polynomials 

0.=],[],[0,=],,[ 221221321  kk xxxxxxx 

Some facts concerning the identities for the matrix algebra )(2 GM  were 

considered in [7]. There it was proved that the algebra )(GMn  has no identities of degree 
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24 n . In [8] Vishne described an efficient way to use the )(nSym -module structure of 

the ideal of multilinear identities in the computation of such dentities of degree n  of a 
given algebra. The method was used to show that )(2 GM  has identities of degree 8 , but 

of no smaller degree. Two explicit identities of degree 8  were given. Details on the method 
used one could see in [8]. Here we give the definition of the identities as done in [8].

The rank and the dimension of the ideal I  of 8 -degree multilinear identities of 
)(2 GM  were computed and the irreducible representations of the symmetric group 

(8)Sym  were considered. There were found 15  non-zero components of I  and in four 

cases (corresponding to the partitions 8├ ,1)(2,2,1,1,1 , 8├ )(2,2,2,1,1 , 

8├ ,1)(3,1,1,1,1  and 8├ )(4,1,1,1,1  the explicit identities could be presented.

This could be done using the relationship of the )(nSym -module and the mGL -

module structures of the considered ideal for a partition  ├ )...,,( 1 m  of n [9]. 

Here we give only the definition of the highest weight vector of the irreducible mGL -

module. It is a non-zero element

    
 





nSym

r
i qqm ii

xxSxxf


 1 11 ,...,,...,

for some K , where rqq ,...,1  are the lengths of the columns of the Young diagram 

related to  .
For example for a partition 8├ ,1)(2,2,1,1,1  the lengths of the columns of the 

corresponding Young diagram are 6  and 2 . This explains the construction of the 
multilinear polynomials ),;,,( 21611 yyxxT   and  ),,;,,( 321512 yyyxxT   done by 

Vishne and given in the forthcoming exposition.
A  pattern is a finite sequence of the letter BA, . If   is a pattern with a

appearances of A  and b  of B , we denote by ),,;,,( 11 ba yyxx   the product of 

variables where the sx  and sy  are combined according to  . For example 

22112121 =),;,( xyyxyyxxABBA . A coefficient in front of a pattern   means that the 

monomial should be multiplied by that coefficient.
Now let 

),,,;,,()(= )((1))((1)
)(),(

ba
bSymaSym

yyxxignP 


  s




).,,;,,()()(= )((1))((1)
)(),(

ba
bSymaSym

yyxxignignP 


  ss




Let 

.
,,

,,,
= 











BAAAABAABAABAAAAAAAABBAA

AABAAABAABBAAAAAAAABAAB
P

The component of I  in the representation 8├ ,1)(2,2,1,1,1  contains (and is thus 

generated by) ),;,,( 2161 yyxxP 
  P . Similarly, the component of I  in the 

representation 8├ ,1)(3,1,1,1,1  contains ),;,,( 2161 yyxxP 
  P . In the sum 



MATHEMATICS

PR O C E E D I N G S O F THE UN I O N O F SCI E N TIS TS – RU S E V O L. 7 / 2010
32

)(=),;,,( 21611



 


PPyyxxT

P
 (1)

only the monomials with 1y  preceding 2y  appear. On the other hand the original two 

identities are given back by ),;(),;( 121211 yyTyyT   .

The same phenomenon happens for another couple of representations.
Let 

.

,,

,,

,,

,,,

=
























BBAAAABABBAABAAAABAAAABB

BAAAABBABAABBAAAABBAAAAB

ABAABBAAAABAABBAAAABBAAB

ABBAABAAAABBAABAAAABAABB

PP

The component in 8├ )(2,2,2,1,1  contains ),,;,,( 32151 yyyxxP 
  PP  and the 

component in 8├ )(4,1,1,1,1  contains ),,;,,( 32151 yyyxxP 
  PP . Again 

)(=),,;,,( 321512



 


PPyyyxxT

PP
 (2)

 has only the monomials in which the order of 321 ,, yyy  is even and 

),,;(),,;( 12323212 yyyTyyyT    gives the original identities. 

Theorem 1  [8, Corollary 4.2] 1T  and 2T  are multilinear identities of degree 8  of 

)(2 GM . 

COMPUTER REALIZATIONS OF THE IDENTITIES
Calculations in the Grassmann algebra are not done easily. We considered the 

problem of finding a computer realization of the multiplication in it. Using the 1-1 

correspondence between the integer numbers from 0  to n2  and the basic elements of a 
Grassmann algebra over a n-dimensional vector space a programme in aMathematic
was written [6] using which we could prove in a computer way Vishne identities. For a 
guide book in the system Mathematica we use [9]. We point that the programme considers 
a finite dimensional Grassmann algebra. But this is not a limitation. Knowing the degree of 
the polynomial, say n, it is enough to work in the algebra nG .

Firstly we introduce the polynomial 2)1,6,5,4,3,2,1,1(=1 yyxxxxxxTT  according 

to (1) done by Mathematica. We use the notation   for the Grassmann multiplication.
It is easier to present the polynomial in parts corresponding to the parts of the 

pattern P .
Let we consider AAAABAAB . The corresponding part of the polynomial 

2)1,6,5,4,3,2,1,1(=1 yyxxxxxxTT  is denoted as 2]1,6,5,4,3,2,1,[ yyxxxxxxA . Then 

we have:
1221:=2]1,2[ xxxxxxS  ;

21]3,2[13]2,2[32]1,2[:=3]2,1,3[ xxxSxxxSxxxSxxxS  ;



MATHEMATICS

PR O C E E D I N G S O F THE UN I O N O F SCI E N TIS TS – RU S E V O L. 7 / 2010
33

;32]1,4,3[21]4,3,3[

14]3,2,3[43]2,1,3[:=4]3,2,1,4[

xxxxSxxxxS

xxxxSxxxxSxxxxS




14]3,2,1,4[:=1]4,3,2,1,1[ yxxxxSyxxxxA  ;

;41]3,2,1,5,1[31]2,1,5,4,1[

21]1,5,4,3,1[11]5,4,3,2,1[

51]4,3,2,1,1[:=1]5,4,3,2,1,2[

xyxxxxAxyxxxxA

xyxxxxAxyxxxxA

xyxxxxAyxxxxxA





;5]1,4,3,2,1,6[2

41]3,2,1,,65,2[31]2,1,,65,4,2[

21]1,,65,4,3,2[11],65,4,3,2,2[

61],54,3,2,1,2[:=1],65,4,3,2,1,3[

xyxxxxxA

xyxxxxxAxyxxxxxA

xyxxxxxAxyxxxxxA

xyxxxxxAyxxxxxxA






21]6,5,4,3,2,1,3[:=2]1,6,5,4,3,2,1,[ yyxxxxxxAyyxxxxxxA  ;

For AABBAAAA  the corresponding polynomial is 2]1,6,5,4,3,2,1,[ yyxxxxxxB . 

We construct

21)2]1,2[(:=2]1,2,1,1[ yyxxSyyxxB  ;

;22]1,1,3,1[12]1,3,2,1[

32]1,2,1,1[:=2]1,3,2,1,2[

xyyxxBxyyxxB

xyyxxByyxxxB




;32]1,2,1,4,2[

22]1,1,4,3,2[12]1,4,3,2,2[

42]1,3,2,1,2[:=2]1,4,3,2,1,3[

xyyxxxB

xyyxxxBxyyxxxB

xyyxxxByyxxxxB





;4]2,1,3,2,1,5[332]1,2,1,,54,3[

22]1,1,,54,3,3[12]1,,54,3,2,3[

52]1,,43,2,1,3[:=2]1,,54,3,2,1,4[

xyyxxxxBxyyxxxxB

xyyxxxxBxyyxxxxB

xyyxxxxByyxxxxxB





;5]2,1,4,3,2,1,6[4

4]2,1,3,2,1,6,5[432]1,2,1,,6,54,4[

22]1,1,,6,54,3,4[12]1,,6,54,3,2,4[

62]1,,5,43,2,1,4[:=2]1,,6,54,3,2,1,[

xyyxxxxxB

xyyxxxxxBxyyxxxxxB

xyyxxxxxBxyyxxxxxB

xyyxxxxxByyxxxxxxB







For AABAAAB  the corresponding polynomial is 2]1,6,5,4,3,2,1,[ yyxxxxxxCH . 
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We have

12]1,2[:=1]2,1,1[ yxxSyxxCH  ;

;21]1,3,1[

11]3,2,1[31]2,1,1[:=1]3,2,1,2[

xyxxCH

xyxxCHxyxxCHyxxxCH




;31]2,1,4,2[

21]1,4,3,2[11]4,3,2,2[

41]3,2,1,2[:=1]4,3,2,1,3[

xyxxxCH

xyxxxCHxyxxxCH

xyxxxCHyxxxxCH





;4]1,3,2,1,5[331]2,1,,54,3[

21]1,,54,3,3[11],54,3,2,3[

51],43,2,1,3[:=1],54,3,2,1,4[

xyxxxxCHxyxxxxCH

xyxxxxCHxyxxxxCH

xyxxxxCHyxxxxxCH





;5]1,4,3,2,1,6[4

4]1,3,2,1,6,5[431]2,1,,6,54,4[

21]1,,6,54,3,4[11],6,54,3,2,4[

61],5,43,2,1,4[:=1],6,54,3,2,1,5[

xyxxxxxCH

xyxxxxxCHxyxxxxxCH

xyxxxxxCHxyxxxxxCH

xyxxxxxCHyxxxxxxCH






21]6,5,4,3,2,1,5[:=2]1,6,5,4,3,2,1,[ yyxxxxxxCHyyxxxxxxCH  ;

The corresponding part to AAAABBAA  is denoted as 
2]1,6,54,3,2,1,[ , yyxxxxxxDH . We get

21)4]3,2,1,4[(:=2]1,4,3,2,1,1[ yyxxxxSyyxxxxDH  ;

2,

;4]2,1,3,2,1,5[132],12,1,,54,1[

22],11,,54,3,1[12],1,54,3,2,1[

52],1,43,2,1,1[:=2],1,54,3,2,1,2[

xyyxxxxDHxyyxxxxDH

xyyxxxxDHxyyxxxxDH

xyyxxxxDHyyxxxxxDH





;5]2,1,4,3,2,1,6[2

4]2,1,3,2,1,6,5[232],12,1,,6,54,2[

22],11,,6,54,3,2[12],1,6,54,3,2,2[

62],1,5,43,2,1,2[:=2],1,6,54,3,2,1,[

xyyxxxxxDH

xyyxxxxxDHxyyxxxxxDH

xyyxxxxxDHxyyxxxxxDH

xyyxxxxxDHyyxxxxxxDH







The part BAABAAAA  gives rise to 2]1,6,5,4,3,2,1,[ yyxxxxxxEH . Thus

21)2)1((22)1)1((:=2]1,2,1,1[ yxxyyxxyyyxxEH  ;

;22]1,1,3,1[12]1,3,2,1[

32]1,2,1,1[:=2]1,3,2,1,2[

xyyxxEHxyyxxEH

xyyxxEHyyxxxEH



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;32]1,2,1,4,2[

22]1,1,4,3,2[12]1,4,3,2,2[

42]1,3,2,1,2[:=2]1,4,3,2,1,3[

xyyxxxEH

xyyxxxEHxyyxxxEH

xyyxxxEHyyxxxxEH





;4]2,1,3,2,1,5[332],12,1,,54,3[

22],11,,54,3,3[12],1,54,3,2,3[

52],1,43,2,1,3[:=2],1,54,3,2,1,4[

xyyxxxxEHxyyxxxxEH

xyyxxxxEHxyyxxxxEH

xyyxxxxEHyyxxxxxEH





;5]2,1,4,3,2,1,6[4

4]2,1,3,2,1,6,5[432],12,1,,6,54,4[

22],11,,6,54,3,4[12],1,6,54,3,2,4[

62],1,5,43,2,1,4[:=2],1,6,54,3,2,1,[

xyyxxxxxEH

xyyxxxxxEHxyyxxxxxEH

xyyxxxxxEHxyyxxxxxEH

xyyxxxxxEHyyxxxxxxEH







The polynomial 2]1,6,5,4,3,2,1,[ yyxxxxxxFH  is related to BAAAABAA  and is 

constructed in a similar way, namely

12)1(21)1(:=1]2,1,1[ xxyxxyyxxFH  ;

;21]1,3,1[

11]3,2,1[31]2,1,1[:=1]3,2,1,2[

xyxxFH

xyxxFHxyxxFHyxxxFH




;31]2,1,4,2[

21]1,4,3,2[11]4,3,2,2[

41]3,2,1,2[:=1]4,3,2,1,3[

xyxxxFH

xyxxxFHxyxxxFH

xyxxxFHyxxxxFH





21]4,3,2,1,3[:=2]1,4,3,2,1,4[ yyxxxxFHyyxxxxFH  ;

2,

;4]2,1,3,2,1,5[432],12,1,,54,4[

22],11,,54,3,4[12],1,54,3,2,4[

52],1,43,2,1,4[:=2],1,54,3,2,1,5[

xyyxxxxFHxyyxxxxFH

xyyxxxxFHxyyxxxxFH

xyyxxxxFHyyxxxxxFH





;5]2,1,4,3,2,1,6[5

4]2,1,3,2,1,6,5[532],12,1,,6,54,5[

22],11,,6,54,3,5[12],1,6,54,3,2,5[

62],1,5,43,2,1,5[:=2],1,6,54,3,2,1,[

xyyxxxxxFH

xyyxxxxxFHxyyxxxxxFH

xyyxxxxxFHxyyxxxxxFH

xyyxxxxxFHyyxxxxxxFH







At the end we form the entire polynomial
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;2],1,6,5,43,2,1,[

2],1,6,5,43,2,1,[2],1,6,5,43,2,1,[

2],1,6,5,43,2,1,[2],1,6,5,43,2,1,[

2],1,6,5,43,2,1,[:=2],1,6,54,3,2,1,1[

yyxxxxxxFH

yyxxxxxxEHyyxxxxxxDH

yyxxxxxxCHyyxxxxxxB

yyxxxxxxAyyxxxxxxT





In a similar way the recurrent construction of 3)2,1,5,4,3,2,1,2(=2 yyyxxxxxTT
is realized due to (2).

Then we set 8=n  in the  Mathematica programme realized in [6]. The evaluation 
on )(2 GM  was done in two stages.

We use the operator  Random[type,{min,max}] bringing out an arbitrary number of 
type Integer, Real or Complex. At the beginning we specify the type as  Real. Due to the 
rounding done in calculations the needed result was not obtained.

Then for exact calculations we specify the type as Integer. For max=500 for 
example we have 

{0,500}]}],[=][{0,500}],,[=][

{0,500}],,[=][{0,500}],,[=][{,,21,=[ 8

ntegerandomidntegerandomic

ntegerandomibntegerandomiaiiiFor

IRIR

IRIR

for a 22  matrix
,256]}}.[,256],[{,256]},[,256],[{{= dArraycArraybArrayaArrayx

For the evaluation of the polynomial ),,,,( 21611 yyxxT   by Intel Pentium computer with 

2GB RAM 40 minutes were needed.
The calculation of ),,,,,( 321512 yyyxxT   with random matrices took 70 minutes 

time.
Then we consider the general case with arbitrary matrices introducing a matrix 

variable x  only as 
,256]}}.[,256],[{,256]},[,256],[{{= dArraycArraybArrayaArrayx

The possibilities of our Pentium computer were not enough for calculating the polynomials 
),,,,( 21611 yyxxT   and ),,,,,( 321512 yyyxxT   in the general case.

We point that the identity 0=],,[ 2
321 xxx  for the upper triangular two by two 

matrices with entries from nG  for 12=n  was confirmed for 3 hours by Intel Celeron 

computer with 2GB RAM. 
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ТЪЖДЕСТВА НА ВИШНЕ ЗА  GM 2  И ТЯХНАТА КОМПЮТЪРНА 
РЕАЛИЗАЦИЯ ЧРЕЗ MATHEMATICA

Цецка Рашкова, Антоанета Михова

Русенски университет “Ангел Кънчев”

Резюме: В своя работа [8] Вишне дава явната форма на две тъждества от степен 8  за 

матричната алгебра  GM 2 , където G е Грасмановата алгебра. В статията се използва 

програма на Mathematica за доказване на тези две тъждества.

Ключови думи: Грасманова алгебра, стандартен полином, тъждества на Вишне
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