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THE T- IDEAL OF THE X - FIGURAL MATRIX ALGEBRA

Tsetska Rashkova

Angel Kanchev University of Ruse

Abstract: In the paper we consider the X - figural matrix algebra and describe the T -ideal of its

identities over the infinite dimensional Grassmann algebra E.
Keywords: Grassmann algebra, matrix algebras with Grassmann entries, identities, finitely generated

T -ideals

PRELIMINARIES
We recall the definition of the infinite dimensional Grassmann algebra E as

E=E(V)=K(e,&,,...|eej +e;6 =01, j=1,2,..),
where the field K has characteristic zero.

The algebra E is in focus of recent research in Pl-theory. Its importance is
connected with the structure theory for the T -ideals of identities of associative algebras
developed by Kemer [4]. Many other applications of E are investigated as well, see for
example [7].

The significance of considering the matrix algebra M, (E) is confirmed by the
following statement as the trivial isomorphism E ® M,,(K) = M,,(E) holds:

Proposition 1 [3, Corollary 8.2.4] For every Pl-algebra R there exists a positive N
such that T(R) 2T(M,(E)), i.e. R satisfies all polynomial identities of the NxN matrix

algebra M, (E) with entries from the Grassmann algebra.

For the PI-properties of E and M, (E) one could see [2,5]. Here we formulate:

Proposition 2 [5, Corollary, p. 437] The T -ideal Id(E) is generated by the identity
[, %2, %] =0.

Proposition 3 [2, Lemma 6.1] The algebra E satisfies Sn(Xl,...,Xn)k =0 for all
n,k >2 and

Sn (Xl, cen Xn) = Z (—1)6 XO'(l) .. .Xo.(n)
oeSym(n)

being the standard identity.
Proposition 4 [2, Corollary 6.6] The algebra Mn(E) does not satisfy the identity

S(X1, X)" =0
forany m.
It is an open question [1, p.356] to describe the identities of minimal degree of
M, (E). Even for n =2 we know very little. There is a result of U. Vishne [8] that the

minimal degree of an identity for M,(E) is 8 and he gives the explicit form of two
concrete multilinear polynomials Ty (Xq,...,Xg; V1, Y2) and To(X,..., %5 V4, Yo, Y3) being
identities for M, (E). We rely on [8] for their definition.
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In the paper we find some identities of minimal degree for the so called X -figural
matrix algebra and describe completely its T -ideal in both the cases (odd and even order
of the considered matrices).

THE X - FIGURAL MATRIX ALGEBRA

We use the term " X -figural matrix algebra" for algebras of the type described below.
We consider two cases if the order of the matrices is odd or even.

Let RL(E) be the X -figural (2n+1)x(2n+1) matrix algebra of the matrices of type

& 0 0 &y
0O a O 0 & 0
0 0 a,q O 0 |'ajeE, j=1,.,2n+1.
ang 0 0 &y
The algebra RL(E) is with basis
f; = @ t+€onu
fa = € +60n
fn - enn + en,n+2
fn+1 = en+1,n+1
fn+2 en+2,n +en+2,n+2
foni €on+1,1 t€2n41.2n41
This basis is a multiplicative one with properties fif; =f; for 1=] or

i+j=2n+2and fif;=0fori=jori+j#2n+2.
We consider the isomorphism:

fl ~ €on+1.2n+1s f2 ~E€on2ni 1:n ~€ni2.n+2 fn+1 ~ €01 n+ls

fi— o =€ on o — fon =€000e,
fn—l - 1:n+3 ~ € n+3: fn - 1:n+2 ~€ ny2-

Thus R1(E) is Pl-equivalent to the algebra of the matrices of type

IPROCEEDINGS OF THE UNION OF SCIENTISTS — RUSE vOL. 11/ 2014] 8
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o .. 0 E E
0O .. O
n-2

0
E
e
0 0 E

& o .. . e o 0 &
0O a 0 .. . 0 & 0
0 .. 0 a a 0o .. 0 )
i n a;€E, j=1,..2n.
0 0 a4 a1 0 .. 0
0 a,;7 0 .. . 0 a,41 O
a, 0 .. . S - T
It is with basis
fy =€ +€,n, fo =€y +€on1,
fn = enn + en,n+1’ 1:n+1 = en+1,n +en+1,n+1’

1:n+2 = en+2,n—1 + en+2,n+21 fn+3 = en+3,n—2 + en+3,n+3’ SRR
fons=€na2+€naon1  fon =€n1+€n2n,

where fif; =f fori+j=2n+1land fif; =0 for i+ j=2n+1.
Analogously

fi ~€n2n, 2 €120
fo1~€niani2 o =i T =Enny
fi—fon =€12n o~ fona =@ 20100
fra— for2 =€ ni2 fn— foa € na

We get that the algebra R2(E) is Pl-equivalent to the algebra of the matrices
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o . 00 * *
0
n-3 .

0 :
E .l
-0
n-1
0 0 E

PI-PROPERTIES

We start considering the two X -figural algebras with entries from a field K with
characteristic zero.
Theorem 1 The algebras R1(K) and R2(K) satisfy the identity

X[ X4, X,]=0.
Proof: It is easy to be seen that the sum of the entries in each column of the
commutator of two matrices for any of the two algebras is zero. Thus the multiplication rule

for X[ Xy, X5] gives the desired identity.
Remark 1 It could be proved that the T -ideal of any of the algebras R1(K) and

R1L(K) is generated by the identity X[X;,X,]=0. The needed considerations are

generalized in the proof of Theorem 4.
Let now the entries of the two matrices be Grassmann entries. In this case the sum

of the entries in each column of the matrix [ Xy, X5, X3] is zero and we get
Theorem 2 The algebras RL(E) and R2(E) satisfy the identity
X[Xq, X5, X3] =0.
In [6] the following theorem was proved:
Theorem 3 Any algebra, satisfying the identity X[Xj, X5, X3] =0, satisfies the

identities Ty (Xq,--., Xg: Y1, Y2) =0 and T,(X,..., X5 V4, Yo, Y3) = 0, defined in [8].
Thus we get
Corollary 1 In the algebras RL(E) and R2(E) the identities

Ty (X000 %65 Y1, Y2) =0 and T(Xy,.... Xs; Y1, Y2, Y3) = 0 hold.
For any polynomial f € K(X) the values of f in RL(E) and in E are related as

follows: if f |gqgy= (&), then the entry a5 h0 = f e
Thus we come to

Corollary 2 1d(R1(E)) < Id(E).

An analogous inclusion is valid for the algebra R2(E) as well:

Corollary 3 Id(R2(E)) c Id(E).

Proof: We consider the algebra Ry(E) ={R2(E):a =0,i=n+1...,2n} and
obviously Ry(E) = E. As Ry(E) = R2(E)we get that

Id(R2(E)) c Id(Ry(E)) = Id(E).

We could describe the T -ideals of the algebras R1(E) and R2(E) completely.
They turned to be finitely generated.
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Theorem 4 The T -ideals Id(RL(E)) and Id(R2(E)) are generated by the identity
X[X1, X5, X3]=0.
Proof: We give the proof in the odd case only. For the even case only slightly
changes of the indices are needed (...op,1 =...27)

As all identities in E follow from [¥q, X5, %3] =0, we have to show that there are no
consequences of this identity which are identities in R1L(E) but are not consequences of
X[Xq, X5, %3] =0.

|. We start with the consequences of degree 4. We get them in two ways -
multiplying [X;, X5, X3] =0 on either side by X or by substituting in the identity any of the

variables i.e. X = XX (the substitution X; = XX leads to changing only the indices of the

variables).
In the transformations below we repeatedly use the trivial identity

[a,bv] =[a,b]v+Db[a,v].
We get
[X0, Xo, XaX] = [ X4, Xp, X3 ]X + X3[Xq, X2, X]
[X0, XX, X3] = [[X0, X2 1%, X3] + [Xa[ %1, X], X5]
= X3, [X¢, X IX] —[X3, %o [%q, X1
=%, X ][X3, X] = [X3, [X0, Xo ]]X
— Xo[Xg, [Xq, X]1—[Xg, X2 1[%4, X]-
As in RL(E) the identity X[X;, X5, X3] =0 holds, the possible identity of degree 4
will be of the form
T = af Xy, Xo, X3]X + B([Xy, Xo][X3, XT+[X3, Xo1[X1, X1)
for some values of &, f € K.
We follow the (1,1) entry of the matrix T in RL(E).
We use the notations X; = (&), X, =(B), X,=(c;) and X =(d;).
The (1,1)-entry of [Xy4, X,] is [a,b]+&by,.1 —@s,,1. Modulo the Grassmann
identity the (1,1)-entry of [ Xy, X5, X35]X is
([a1b2n+1 - bla2n+1’ Cl] + ([ali bl] + a1bZn+l - bla2n+1)c2n+1
- C.L([a2n+l1 b2n+1] + a2n+1b.L - b2n+1a1))(d1 + d2n+1)-
For the (1,1) entry of [ Xq, X5][ X3, X]+[ X3, X5][ X1, X] we get
—([30, o]+ a0 1 —By@sn 1) [0 + o0, 6 +Conal
- ([Clv bl] + Clb2n+1 - blC2n+1) [dl + d2n+1’ & + a2n+1]-

We calculate the polynomial T for matrices Xy, X5, X3, X in which the values of
the corresponding entries are the following elements of E, namely

=€ b =e, C =6 d; =ee;
An1=€ Do =€ Cop1 =65 dynyg =66,
Thus we come to

0L18,658465 + $.0=0
meaning that & =0.
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Really the form of the (1,1) entry of [ Xy, X5][X3, X]+[X3, X5][ X1, X] shows that
if for every 1 either di or any of C; and @; are of even degree, this entry is zero. However

we have to see the value of the (1,1)-entry of [ Xy, X, X5]X as well.
Next we make the substitution

% =& b =6 G =6 d =g
Ani1=€ bon1=€; Cpui =6 donyg =6
The result is

23(—€165€487 — 1656565 —€184€5E7 —€1€4E6E5
+€,836567 +€,836565 +€264E5E7 +€,646563) =0.

This means that =0 and in R1(E) there are no identities of degree 4 which are

consequences of [ Xy, X5, X3] =0.
Il. It is enough to consider only the identities of degree 4 as for the consequences of
higher degree we have the following recurrent relations in RL(E):

[X0, X2, XgUyUs...Un_qUn ] = [Xq, Xo, XgUgUs...Up 1 JUy + Xg (UgUy..Up 1 )[X, Xo, U ]
=[Xq, X2, XgUyUp..Up 1 Jup,

[X0, XoViVa. Vi _qVis Xa] = [Xq, XoViVa. Vi 1, X3 ]V
—[X, XoWVo . Vi % Vi ] = [ X3, XoVa Vo Vi T4, Vic ] -

Thus we get that Id(RL(E)) = (X[ X1, X5, X3] =0).
| would like to thank the referee for useful suggestions improving the original form of
the paper.
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