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 THE T - IDEAL OF THE X - FIGURAL MATRIX ALGEBRA 
 

 Tsetska Rashkova  
 

Angel Kanchev University of Ruse  
 
 

Abstract: In the paper we consider the X - figural matrix algebra and describe the T -ideal of its 

identities over the infinite dimensional Grassmann algebra E . 
Keywords: Grassmann algebra, matrix algebras with Grassmann entries, identities, finitely generated 

T -ideals  
 

PRELIMINARIES  

 We recall the definition of the infinite dimensional Grassmann algebra E  as  

 ,1,2,=,0=|,,=)(= 21   jieeeeeeKVEE ijji  

where the field K  has characteristic zero. 

The algebra E  is in focus of recent research in PI-theory. Its importance is 

connected with the structure theory for the T -ideals of identities of associative algebras 

developed by Kemer [4]. Many other applications of E  are investigated as well, see for 
example [7]. 

The significance of considering the matrix algebra )(EMn  is confirmed by the 

following statement as the trivial isomorphism )()( EMKME nn   holds: 

Proposition 1 [3, Corollary 8.2.4] For every PI-algebra R  there exists a positive n  

such that ))(()( EMTRT n , i.e. R  satisfies all polynomial identities of the nn  matrix 

algebra )(EMn  with entries from the Grassmann algebra.  

For the PI-properties of E  and )(EMn  one could see [2,5]. Here we formulate: 

Proposition 2 [5, Corollary, p. 437] The T -ideal )(EId  is generated by the identity 

0=],,[ 321 xxx .  

Proposition 3 [2, Lemma 6.1] The algebra E  satisfies 0=),,( 1
k

nn xxS   for all 

2, kn  and  

 )((1)
)(

1 1)(=),,( n
nSym

nn xxxxS 



 



 

being the standard identity.  

Proposition 4 [2, Corollary 6.6] The algebra )(EMn  does not satisfy the identity  

 0=),...,( 1
n

mm xxS  

for any m .  

It is an open question [1, p.356] to describe the identities of minimal degree of 

)(EMn . Even for 2=n  we know very little. There is a result of U. Vishne [8] that the 

minimal degree of an identity for )(2 EM  is 8  and he gives the explicit form of two 

concrete multilinear polynomials ),;,...,( 21611 yyxxT  and ),,;,...,( 321512 yyyxxT  being 

identities for )(2 EM . We rely on [8] for their definition. 
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In the paper we find some identities of minimal degree for the so called X -figural 

matrix algebra and describe completely its T -ideal in both the cases (odd and even order 
of the considered matrices). 

  

THE X - FIGURAL MATRIX ALGEBRA 

We use the term " X -figural matrix algebra" for algebras of the type described below. 
We consider two cases if the order of the matrices is odd or even. 

Let )1(ER  be the X -figural 1)(21)(2  nn  matrix algebra of the matrices of type 

  

1.1,...,2=,:

0.........0

00...00

.....................

0...00...0

.....................

00...00

0.........0

1212

22

1

22

11

































 njEa

aa

aa

a

aa

aa

j

nn

nn

n  

 

The algebra )1(ER  is with basis  

 .

=

.........

=

=

=

.........

=

=

11,221,1212

22,2,2

11,1

2,

2,2222

11,2111





















nnnn

nnnnn

nnn

nnnnn

n

n

eef

eef

ef

eef

eef

eef

 

 

This basis is a multiplicative one with properties iji fff =  for ji =  or 

22=  nji  and 0=ji ff  for ji   or 22  nji . 

We consider the isomorphism:  
  

,,,...,, 11,122,,22211,221   nnnnnnnnnn efefefef  

 ,...,, 1,22211,2121 nnnn effeff    

 ., 21,231,31   nnnnnn effeff  

 

Thus )1(ER  is PI-equivalent to the algebra of the matrices of type  
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The even case gives the algebra )2(ER  of the matrices of type  

 

 .1,...,2=,;

0............0

00......00

........................

0...00...0

0...00...0

........................

00......00

0............0

22

1212

11

22

11

njEa

aa

aa

aa

aa

aa

aa

j

nn

nn

nn

nn






































 

 
It is with basis  

 

 

,=,=

...,,=,=

,=,=

...,,=,=

,22,12211,221,2212

33,23,322,12,2

11,1,11,

12,22221,2111

nnnnnnnn

nnnnnnnnnn

nnnnnnnnnn

nn

eefeef

eefeef

eefeef

eefeef

















 

 

where iji fff =  for 12=  nji  and 0=ji ff  for 12  nji . 

Analogously  
 

,...,, 11,222,221  nnnn efef  

,,, 111,22,1 nnnnnnnnn efefef    

,...,, 11,21221,221   nnnn effeff  

., 11,121,21   nnnnnn effeff  

 

We get that the algebra )2(ER  is PI-equivalent to the algebra of the matrices  
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PI-PROPERTIES  

We start considering the two X -figural algebras with entries from a field K  with 
characteristic zero.  

Theorem 1 The algebras )1(KR  and )2(KR  satisfy the identity  

 0.=],[ 21 XXX  

Proof: It is easy to be seen that the sum of the entries in each column of the 
commutator of two matrices for any of the two algebras is zero. Thus the multiplication rule 

for ],[ 21 XXX  gives the desired identity. 

Remark 1 It could be proved that the T -ideal of any of the algebras )1(KR  and 

)1(KR  is generated by the identity 0.=],[ 21 XXX  The needed considerations are 

generalized in the proof of Theorem 4. 
Let now the entries of the two matrices be Grassmann entries. In this case the sum 

of the entries in each column of the matrix ],,[ 321 XXX  is zero and we get  

Theorem 2 The algebras )1(ER  and )2(ER  satisfy the identity  

 0.=],,[ 321 XXXX  

In [6] the following theorem was proved:  

Theorem 3 Any algebra, satisfying the identity 0=],,[ 321 XXXX , satisfies the 

identities 0=),;,...,( 21611 yyxxT  and 0=),,;,...,( 321512 yyyxxT , defined in [8].  

Thus we get  

Corollary 1 In the algebras )1(ER  and )2(ER  the identities 

0=),;,...,( 21611 yyxxT  and 0=),,;,...,( 321512 yyyxxT  hold.  

For any polynomial  XKf  the values of f  in )1(ER  and in E  are related as 

follows: if )(=| )1( ijER af , then the entry Enn fa |=11,  . 

Thus we come to  

Corollary 2 ).())1(( EIdERId    

An analogous inclusion is valid for the algebra )2(ER as well: 

Corollary 3 ).())2(( EIdERId    

Proof: We consider the algebra }2,...,1,0:)2({)(0 nniaERER i   and 

obviously EER )(0 . As )(2)(0 ERER  we get that 

).())(())2(( 0 EIdERIdERId   

We could describe the T -ideals of the algebras )1(ER  and )2(ER  completely. 

They turned to be finitely generated. 
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Theorem 4 The T -ideals ))1(( ERId  and ))2(( ERId  are generated by the identity  

 0.=],,[ 321 XXXX  

 Proof: We give the proof in the odd case only. For the even case only slightly 

changes of the indices are needed ( nn 212 ......  ) 

 As all identities in E  follow from 0=],,[ 321 xxx , we have to show that there are no 

consequences of this identity which are identities in )1(ER  but are not consequences of 

0=],,[ 321 xxxx . 

I. We start with the consequences of degree 4 . We get them in two ways - 

multiplying 0=],,[ 321 xxx  on either side by x  or by substituting in the identity any of the 

variables i.e. ii xxx =  (the substitution xxx ii =  leads to changing only the indices of the 

variables). 
In the transformations below we repeatedly use the trivial identity  

 ].,[],[=],[ vabvbabva   

We get  

 ],,[],,[=],,[ 213321321 xxxxxxxxxxxx   

  [ ]],,[[],],[[=],, 312321321 xxxxxxxxxxxx   

  ]],[,[]],[,[= 123213 xxxxxxxx   

  xxxxxxxx ]],[,[],][,[= 213321   

  ],][,[]],[,[ 123132 xxxxxxxx  . 

As in )1(ER  the identity 0=],,[ 321 XXXX  holds, the possible identity of degree 4  

will be of the form  

 ]),][,[],][,([],,[= 123321321 XXXXXXXXXXXXT   

for some values of K, . 

We follow the (1,1) entry of the matrix T  in )1(ER . 

We use the notations )(=1 iaX , )(=2 ibX , )(=3 icX  and )(= idX . 

The (1,1)-entry of ],[ 21 XX  is 12112111 ],[   nn abbaba . Modulo the Grassmann 

identity the (1,1)-entry of XXXX ],,[ 321  is  

 12121121111121121 )],([],([   nnnnn cabbabacabba  

 ).))(],([ 12111211212121   nnnnn ddabbabac  

For the (1,1) entry of ],][,[],][,[ 123321 XXXXXXXX   we get  

 ],)[],([ 12112112112111   nnnn ccddabbaba  

 ].,)[],([ 12112112112111   nnnn aaddcbbcbc  

We calculate the polynomial T  for matrices XXXX ,,, 321  in which the values of 

the corresponding entries are the following elements of E , namely  
  

.====

====

6112512412112

321312111

eedecebea

eedecebea

nnnn 

 

 
Thus we come to  

 0=.054321  eeeee  

meaning that 0= . 



MATHEM ATICS  

 

P R O C E E D I N G S  O F  T H E  U N I O N  O F  S C I E N T I S T S  –  R U S E  V O L .  11  /  2014  12 

Really the form of the (1,1) entry of ],][,[],][,[ 123321 XXXXXXXX   shows that 

if for every i  either id  or any of ic  and ia  are of even degree, this entry is zero. However 

we have to see the value of the (1,1)-entry of XXXX ],,[ 321  as well. 

Next we make the substitution  
  

.====

====

812612412212

71513111

edecebea

edecebea

nnnn 

 

The result is  
 

8641764186317631(2 eeeeeeeeeeeeeeee   

0.=)8542754285327532 eeeeeeeeeeeeeeee   

 

This means that 0=  and in )1(ER  there are no identities of degree 4  which are 

consequences of 0=],,[ 321 XXX . 

II. It is enough to consider only the identities of degree 4  as for the consequences of 

higher degree we have the following recurrent relations in )1(ER : 

 

],,[)...(]...,,[=]...,,[ 211213121321121321 nnnnnn uxxuuuxuuuuxxxuuuuxxx    

 nn uuuuxxx ]...,,[= 121321   

 kkkk vxvvvxxxvvvvxx ],...,[=],...,[ 312121312121   

 ],[]...,[],[]...,[ 112123312121 kkkk vxvvvxxvxvvvxx   . 

 

Thus we get that  0=],,[=))1(( 321 XXXXERId . 

I would like to thank the referee for useful suggestions improving the original form of 
the paper. 
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