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A NOTE ON AVERAGING IN DIFFERENTIAL EQUATIONS WITH
HUKUHARA DERIVATIVE AND DELAY

Petar Rashkov

Angel Kanchev University of Ruse

Abstract: The problem of averaging in differential equations with delay and multivalued right-hand
side. is studied. Values of all functions are convex compact sets. The derivative is considered in Hukuhara
sense. A very general scheme of averaging is investigated.

Keywords: differencial equation, averaging, multivalued map (function),Hukuhara derivative, delay,
convex set, existence.
Let comp (R")(conv(R™)) be a space, consisting of all nonempty compact convex

subsets of R” having Hausdorff metric H(.,.), defined by the formula

H(A,B)=min{r>0|Ac S,(B),BcS,(4)},
where S;(C) is a closed d - neighbourhood of a compact set C = R".

The sets comp (R") and conv(R") are complete and separable but they are not
linear [1].
The next series of definitions introduces the basic notion of our work.

Definition 1 The sum of two sets A, B € comp(R") is called the following set:
C=A+B={c=a+b|aeA,beB}.
Definition 2 [2]: Hukuhara difference of two sets A4,B e conv(R") (if it exists) is

such a set C e conv(R") that A= B+ C. We use the notation C = AﬁB.

Definition 3 [2]: A multivalued map F(.): R' > conv(R) is called Hukuhara

differentiable in the point t if there exists a set D, F(ty) € conv(R") such that the limits

. Fig+a0" Fay) Flt)" Ftg - a)
M AL —0+ Al lim A¢ 50+ A

Dy F(ty). The set D;,F(t,) is called Hukuhara derivative of I’ in the point t.

exist and are equal to

We note that in the definition of Hukuhara derivative it is understood that the

differences F(to)ﬁF(tO —At) and F(t, +At)ﬁF(t0) exist for all Az sufficiently small.
Differential equations with a multivalued right-hand side and multivalued solutions

DpX(t)= F(t, X (1)), X(19) = X°, (1)

where F:R xconv(R™)— conv(R"), X:R —convw(R"), X°econv(R"™) are considered
for the first time in [3, 4].

Definition 4 [3,4]: A multivalued map X : R' — conv(R") is called a solution of the
Cauchy problem (1) if it is absolutely continuous and satisfies (1) almost everywhere.
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In the above cited papers theorems are proved of existence and uniqueness of the
solution, as well the equivalency of (1) with the integral equation

X(@0)=x%+ ijF(s,X(s))ds.

In [5] it was established that the bunch of the usual solutions of the differential inclusion

xe®(t,x), x(tg) = xg (2)
is contained in the multivalued solution of the differential equation with Hukuhara
derivative

DpX(#)=0(t,X(1)), X(t)=xo,

which is generated by the differential inclusion (2).

In [6] the method of averaging was justified for the differential equation

D, X(t)=¢eF(t,X(1)).

In [7] differential inclusions with Hukuhara derivative were considered, in [8] the connection
is given between differential equations and inclusions with Hukuhara derivative and
quasidifferential equations in metric spaces. In [9] the averaging method is justified for
differential equations with Hukuhara derivative and assymptotic small delay.

In [10] we consider differential equations with Hukuhara derivative without the
assumption that the delay is assympotically small.

In this paper we justify the general scheme of partial averaging indifferential
equations with Hukuhara derivative and delay.

It is obvious that the differential equations in R" are obtained as a partial case of
differential equations with Hukuhara derivative when the function F(¢,x) is singlevalued

and on{xo}. In connection with this all specific peculiarities of the solutions of

differential equations with delay in the space R" are valid for differential equations with
Hukuhara derivative.

However, in differential equations with Hukuhara derivative own peculiarities may
appear, connected with the multivaluality. For example, for the solutions X;(z) and X, (),

corresponding to the initial functions ®;(r) and ®,(¢) the condition X;(¢#)c X,(#) may
hold in the interval [#,7,]. This is not an analogue of the solutions' sticking as
X1(0)# X5(2).

Let us consider differential equations with delay

Dy Xt)=F(t, X(@),X(t—-11(2)),.... X(t —7,,(2))), (3)

X =0(), 1€ Ey
"1g® g0

where E; = UEté , Eté are sets consisting of the points ¢, and those values ¢ —7;(¢)
i=1

for which t —7;(¢) <ty when t >¢,, O: R' > conv(R™).

We proved in [10] that for the equation (3) theorems are valid for existence and
continuous dependence of the initial functions which are analogous to the corresponding
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theorems for the equation in the space R" [11,12,13].
The theorems are stated as follows:

Theorem 1 Let F' be a continuous function in a neighbourhood of the point
(tg, D(tg), D(tg —71(2p)),.... P(tg — 7, (o)), satisfying the Lipschitz condition in all
variables starting with the second one, with a constant A ; let the initial function ®(t) be
continuous in E; , andal functions 7;(t) be continuous for ty <t <tg+L (L > 0) and

nonnegative. Then there exists a unique solution X (t) of the basic initial problem for the
equation (3) for ty <t <ty + o, where o is sufficiently small.

Theorem 2 Let all the conditions of Theorem 1 be fullfilled. Then the solution is
continuously dependent in the space C, of the initial functions and from

H(®(t),D5(t))<0, 6>0, te Et0 it follows that

H(X, (1), Xo(0)) <57 DE0) sy (4)
Let us consider the following differential equation with Hukuhara derivative:
DhX(t,g)= gF(t,X(t,g),X(t—z'g)), (5)
X(s,5)=q)(s,g), —7<s5<0,

where ¢ > 0 is a small parameter, ¢ € [O,Lg_lj, L - a constant.
The following partially averaged equation corresponds to (5):

DhY(t,8)= 8F0(t, Y(t,g), Y(t—r,g)), (6)
Y(s,8)=CD(S,8), —7<s5<0,
where
lim H( tXZ tXZ j 0. (7)
T—o0 IO IO

Theorem 3 Let in the domain Q = {f >0,X,ZeDc conv(R" )} the following conditions
hold:
1) the functions F(t,X,Z),FO(t,X,Z) and CD(S,g) fulfill the conditions of
Theorem 1 and there exists a constant M such that
F(.X,2) < MFO (. X,Z) < M, where

’A’ = H({0},4), 4 ¢ comp(Rn}
2) the limit (7) exists forevery X,Z e D;
3) there exists a solution of the system (6) for 0 <& <o and together with a p-

neighbourhood it is in the domain D for ¢ € lO,L*g_lJ, where L* is a constant.

Then for every >0 and 0<L <L there exists 0<&” <o such that for

g€ lO,gOJ and t € [O,LS_IJ
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H(X(t,¢),Y(t,¢))< 7. (8)
Proof: We consider the differential equation
&)= 0(0,¢) 9)

DyZ(t.e)=¢F(t,Z(t,e). Z(t,¢)), Z(0,
Due to [3 4] from the differential equations ( ) ( ) we come to the corresponding
integral equations and get
H(X(t,8),Z(t,e))< (10)

gH( L (s, X (s,2), X (5 = 7,))ds, ng(s,z(s,g),z(s,g))ds).

For t e [O,T] taking into account the boundedness of the function F(S,X,Z) we
obtain

H(X(t,g),Z(t,g))S g2Mr. (11)
For ¢t e (T,LS_I ) we have from (10) the following:
H(X(t,e),Z(t,¢)) < (12)

gHUé Fls, X(s,2), X(s —7.))ds, L F(s, X(5,2), X(s, ))ds)
gHU(t)F(s,X(s,g),X(s,g))ds, [ F(s,2(s5,2), 20, ))ds)

gﬁ,jéH(X(s —1,8), X(s,¢))ds + 231J-(§H(X(s,8),2(s,8))ds.

Obviously
IéH(X(S—T,f,‘),X(S,S))dSSMTL. (13)
Thus, using the Gronwall-Bellman's lemma, we get from (12) that
H(X(t,e),Z(t,e)) <eMrLexp (e2t). (14)
Analogously for equations (6) and the equation
D (t,6)=eF (e, w (t,6) W (t,e)) W (0,¢)= @(0,¢) (15)
we have
H(Y(t,e)W(t,e)) < eMtLexp (e2At). (16)

Equation (15) is a partial averaging for equation (9).
According to [14, p.112] for every 7 and L e O,L*J there exists 81 € [O,Z'] such
that for ¢ € lO,glJ and f € lO,Lg_lJ the following estimate holds:

HW(t,e),Z(t,&))<n/2. (17)
From (14),(16),(17) for £ = min {6‘1, n/(4M t Lexp (24 L))} we get the estimate
8)
Let us consider the differential equation
Dy X(t,e)=eF(t,X(t,e), X(t —7,¢)), X(t =10/, ) (18)

IPROCEEDINGS OF THE UNION OF SCIENTISTS — RUSE voL. 7 / 2010|
25




MATHEMATICS

X(s,&)=D(s,¢), — 75/ <5 <(0).

In correspondence to equation (18) we put the following partially averaged equation
DhY(t,8)= 8F0(t,Y(t,8), Y(t — rl,g)),Y(t — T2/8,8), (19)
Y(s,8)=CD(s,8), —77/6<5<0,

where
lim H(leF(z XY, Z)dt - [TFO(. X, ¥ Z)dt) - 0. (20)
oo AT 0

Theorem 4 Let in the domain QO = {t >0,X,Y,Z € conv(R”)} the following
conditions hold:

1) the functions F(t,X,Y,Z),FO(t,X,Y,Z) are continuous, uniformly bounded by

the constant M and fulfill the Lipschitz condition in all variables starting with the second
one with a constant A ;

2) the initial function q)(s,g) is continuous and
H((D(s', 8), q)(s”,g))ﬁ EA (s' - s”)
q)(s,g)eD, — 77/ <5 <0;
3) there exists the limit (20) forevery X,Y,ZeD;
4) the solution of equation (19) exists for ¢e [O,z'] and together with a o -
neighbourhood itis in D for ¢ lO,L*g_IJ, L’ is a constant.
Then for every >0 and 0<L< L there exists 0<¢&® <7 such that for
Ee€ (0,80) and t € [O,Lg_lj the following unequality holds:
H(X(t,¢).Y(t,€))<n. (21)

Proof. We consider a solution of the systems (18), (19) on the interval [0,7,/¢]:
DX ()= aFle, X' (1,) X\ - 11,2), Dt — 1512, 22)
XI(O,g) = d(0,¢);

Dy, y! (t,e)=¢ Fo(t, y! (¢,&), y! (t—11,€), Dt —1y/s, 8)), (23)
Yl(O,g) =d(0,5).
According to Theorem 3 for every 1; >0 there exists ¢; €(0,0] such that for
£€(0,6) and £ €(0,7,/&] the following estimate is valid:
H (X We,e)Y(s, g))s n. (24)

Now we consider on [r5/€,275/¢] the solutions Yz(s,g) and Zz(s,g) of the
system (19) with initial conditions
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Yz(s ~15/2,€) = Yl(s, £),
Zz(s ~15/2,€)= Xl(s, £).
Due to Theorem 2 for every 17,>0 there exists 6>0 such that for
H(Yl(s,g),Xl(s,g))S 0 we have
H(Yz(s,g),Zz(s,g))S n,/2, s €lry/e, 2t5/e] (25)

Now we consider the solutions Xz(s,g) and ZZ(S,S) of the systems (1 8), (19)
on the interval [r,/&,27,/&] with initial conditions

Xz(s —15/2,¢)= Xl(s,g),

ZZ(S —75/2,8)= Xl(s,e).
According to Theorem 3 for every 7, >0 there exists for £€(0,65] and
te [rz/g, 27y /SJ the following estimate holds

H(X2(1.6).22(6) ) < 2. (26)

We choose 85 €(0,0] such that <6 for ¢e€ (0,5'2']. Then for
gy =min{eh &5 } from (25),(26) we get
H(YZ(S,g),Xz(s,g))S 7, t €lry/e,21,5/e]

L
Let k <—<k+1. Then after k steps for 80 = min &; we come to the conclusion of the

72 1<i<k
theorem.

Remark 1 If the function FO(t,X,Y,Z) does not depend explicitly on ¢, relation
(20) means the existence of an average, i.e.

1

FOx.v.2)= lim [ F(t.X.Y,Z)dL.
Tl

In this case the full averaging scheme justification follows from Theorem 4.

We consider the system of differential equations with Hukuhara derivative
Dy X;(t,e)= gFl-(t,X(t,g),X(t —11,8),)(1(1‘ - 72/8,8)) (27)
Xl-(s,g)=q)(s,g) —17/e <s<0,i=1,2,....m,
where X = (X1, X5,...X,,),
XeDcW= (conv (Rnl )X conv(Rn2 )X...X conv(Rn’" )),

F=(F,F,..F,), Ft,X,Y,Z)=F\t,X,Y,Z)+ F*(t,X.,Y,Z),
D =(D,Dy,..., D, ).
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We put the following partially averaged system in correspondence to system (27):

DyY; (t,g) = 8Fl~0 (t,Y(t,g), Y(t — T1,8), Y(t — T2/8,8) ), (28)
Y;(s,&) = D(s, £) —77/6 <5 <0,
where _
FOL,x,v,2)=F'(,x,Y,2)+ F*(1, X.Y, Z),
FAX,Z)= fim — o F2(e.x, X, Z)d. (29)
Toowo I

Theorem 5 Let in the domain Q= { t>20,X.Y,ZeDcW } the following
conditions hold:

1) the function F(t,X,Y,Z) is continous, uniformly bounded by a constant M

and fulfills the Lipschitz condition with a constant A in all variables starting with the
second one;

2) the initial function ®(s, &) is continous and
H(®(s',8),d(s",¢)) < eAls' —s"
®(s,e)e D, —75/e<5<0;

5

3) there exists the limit (29) forall X,Y,ZeD;
4) the solution of the system (27) for ¢ €(0,0] exists and together with a g-

neighbourhood is in the domain D for ¢ € lO,Lg_IJ.

Then for 7 >0 there exists gl e (0,0) such that for ¢ € (0,80] and t € (0,8_1]

the following estimate holds:
H(X(t, £), Y(t,g)) <n.

The validity of Theorem 5 follows from Theorem 4 as from the fulfillness of
conditions (29) the fulfillness of conditions (20) follows.
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BbPXY YCPEOAHABAHETO B AJU®GEPEHUWANHU YPABHEHUA C
NMPOU3BOAOHA HA XYKYXAPA U 3BAKbCHEHUE

MeTbp Pawkos

PyceHcku yHusepcumem ,AHeern KbHueg”

Pe3rome: B pabomama ce pa3sanexdam OughepeHUUasHU ypasHEHUsI C MHO203Ha4yHuU OecHU
cmpaHu.u 3aKkbCHeHue. CmoUHOCMuUme Ha 8CUYKU pa3afiexo0aHu MHO203Ha4YHU (DyHKUUU ca U3MbKHaau
KoMriakmHu mMHoxecmea. lpouseodHume Ha peweHusima ca 8 cMuchbil Ha Xykyxapa. ObocHosaHa e eOHa
obuwja cxema 3a ycpedHs8aHe 8 mpuU eapuaHma.

Knroyoeu Jdymu: OJuchepeHyuanHo ypasHeHue, ycpeOHs8aHe, MHO203Ha4YHU U3006paxeHus
(QpyHKUUU), 3aKbCHEHUE, U3MbKHAI0 MHOXECMEO0, CbljecmeaygaHe.
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