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The Ruse Branch of the 
Union of Scientists in 
Bulgaria was founded in 1956. 
Its first Chairman was Prof. 
Stoyan Petrov. He was followed 
by Prof. Trifon Georgiev, Prof. 
Kolyo Vasilev, Prof. Georgi 
Popov, Prof. Mityo Kanev, 
Assoc. Prof. Boris Borisov, Prof. 
Emil Marinov. The individual 
members number nearly 300 
recognized scientists from 
Ruse, organized in 13 scientific 
sections. There are several 
collective members too –
organizations and companies 
from Ruse, known for their 
success in the field of science
and higher education, or their 
applied research activities. The 
activities of the Union of 
Scientists – Ruse are 
numerous: scientific, 
educational and other 
humanitarian events directly 
related to hot issues in the 
development of Ruse region, 
including its infrastructure, 
environment, history and future 
development; commitment to 
the development of the scientific 
organizations in Ruse, the 
professional development and 
growth of the scientists and the 
protection of their individual 
rights.

The Union of Scientists –
Ruse (US – Ruse) organizes 
publishing of scientific and 
popular informative literature, 
and since 1998 – the 
“Proceedings of the Union of 
Scientists- Ruse".
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A NOTE ON AVERAGING IN DIFFERENTIAL EQUATIONS WITH
HUKUHARA DERIVATIVE AND DELAY

Petar Rashkov

Angel Kanchev University of Ruse

Abstract: The problem of averaging in differential equations with delay and multivalued right-hand 
side. is studied. Values of all functions are convex compact sets. The derivative is considered in Hukuhara 
sense. A very general scheme of averaging is investigated.

Keywords: differencial equation, averaging, multivalued map (function),Hukuhara derivative, delay, 
convex set, existence.

Let comp ))(()( nn RconvR  be a space, consisting of all nonempty compact convex 

subsets of nR  having Hausdorff metric (.,.)H , defined by the formula

)},(),(|0{=),( ASBBSArBAH rr min

where )(CSd  is a closed d - neighbourhood of a compact set .nRC 

The sets comp )( nR  and )( nRconv  are complete and separable but they are not 
linear [1].

The next series of definitions introduces the basic notion of our work.

Definition 1 The sum of two sets )(, nRcompBA   is called the following set:

 BbAabacBAC  ,|=== . 

Definition 2  :2  Hukuhara difference of two sets )(, nRconvBA   (if it exists) is 

such a set )( nRconvC  that CBA = . We use the notation .= B
h

AC

Definition 3  :2  A multivalued map )(:(.) 1 RconvRF   is called Hukuhara 

differentiable in the point 0t  if there exists a set )()( 0
n

h RconvtFD   such that the limits 

t

tF
h

ttF
t 




)()( 00
0lim  and 

t

ttF
h

tF
t 




)()( 00
0lim  exist and are equal to 

).( 0tFDh  The set )( 0tFDh  is called Hukuhara derivative of F  in the point 0t . 

 We note that in the definition of Hukuhara derivative it is understood that the 

differences )()( 00 ttF
h

tF   and )()( 00 tF
h

ttF   exist for all t  sufficiently small.

Differential equations with a multivalued right-hand side and multivalued solutions

,=)()),(,(=)( 0
0 XtXtXtFtXDh (1)

 where )(),(:),()(: 0 nn'nn' RconvXRconvRXRconvRconvRF   are considered 
for the first time in [3, 4].

Definition 4  3,4 : A multivalued map )(: 1 nRconvRX   is called a solution of the 
Cauchy problem  (1) if it is absolutely continuous and satisfies  (1) almost everywhere. 
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In the above cited papers theorems are proved of existence and uniqueness of the 
solution, as well the equivalency of (1) with the integral equation 

.))(,(=)(
0

0 dssXsFXtX
t
t

In [5] it was established that the bunch of the usual solutions of the differential inclusion

00

.
=)(),,( xtxxtx  (2)

 is contained in the multivalued solution of the differential equation with Hukuhara 
derivative

,=)()),(,(=)( 00 xtXtXttXDh 
which is generated by the differential inclusion (2).

In [6] the method of averaging was justified for the differential equation
)).(,(=)( tXtFtXDh 

In [7] differential inclusions with Hukuhara derivative were considered, in [8] the connection 
is given between differential equations and inclusions with Hukuhara derivative and 
quasidifferential equations in metric spaces. In [9] the averaging method is justified for 
differential equations with Hukuhara derivative and assymptotic small delay.

In [10] we consider differential equations with Hukuhara derivative without the 
assumption that the delay is assympotically small.

In this paper we justify the general scheme of partial averaging indifferential 
equations with Hukuhara derivative and delay.

It is obvious that the differential equations in nR  are obtained as a partial case of 
differential equations with Hukuhara derivative when the function ),( xtF  is singlevalued 

and }.{= 00 xX  In connection with this all specific peculiarities of the solutions of 

differential equations with delay in the space nR  are valid for differential equations with 
Hukuhara derivative.

However, in differential equations with Hukuhara derivative own peculiarities may 
appear, connected with the multivaluality. For example, for the solutions )(1 tX  and ),(2 tX

corresponding to the initial functions )(1 t  and )(2 t  the condition )()( 21 tXtX   may 

hold in the interval ].,[ 21 tt  This is not an analogue of the solutions' sticking as 

).()( 21 tXtX 
Let us consider differential equations with delay

))),(()),...,((),(,(=)( 1 ttXttXtXtFtXD mh   (3)

,),(=)(
0tEtttX 

where 
m

i

i
tt EE

1=

)(
00

= , 
)(

0

i
tE  are sets consisting of the points 0t  and those values )(tt i

for which 0<)( ttt i  when ).(:, 1
0

nRconvRtt 
We proved in [10] that for the equation (3) theorems are valid for existence and 

continuous dependence of the initial functions which are analogous to the corresponding 
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theorems for the equation in the space nR  [11,12,13].
The theorems are stated as follows:

Theorem 1 Let F  be a continuous function in a neighbourhood of the point 
)),(()),...,((),(,( 0001000 tttttt m   satisfying the Lipschitz condition in all 

variables starting with the second one, with a constant  ; let the initial function )(t  be 

continuous in 
0t

E  and all functions )(ti  be continuous for Lttt  00 0)>(L  and 

nonnegative. Then there exists a unique solution )(tX  of the basic initial problem for the 

equation  (3) for  00 ttt , where   is sufficiently small. 

Theorem 2 Let all the conditions of Theorem  1 be fullfilled. Then the solution is 
continuously dependent in the space 0C  of the initial functions and from 

021 0,>,))(),(( tEtttH   it follows that 

0.
)01)((

21 ,))(),(( ttetXtXH
ttm   (4)

Let us consider the following differential equation with Hukuhara derivative: 
      ,,,,=,  tXtXtFtXDh (5)

    0,,,=,  sssX 

 where 0>  is a small parameter,  10,  Lt , L - a constant.
The following partially averaged equation corresponds to (5): 

      ,,,,,=, 0  tYtYtFtYDh (6)

    0,,,=,  sssY 
 where 

    0.=,,
1

,,,
1

0
0

0 










dtZXtF
T

dtZXtF
T

H
TT

T
lim (7)

Theorem 3 Let in the domain   nRconvDZXtQ  ,0,=  the following conditions 

hold:

 1) the functions    ZXtFZXtF ,,,,, 0  and  ,s  fulfill the conditions of 

Theorem  1 and there exists a constant M  such that

    ,,,,,, 0 MZXtFMZXtF   where

    ;,,0= nRcompAAHA 
 2) the limit  7  exists for every DZX , ;

 3) there exists a solution of the system  6  for  <0  and together with a  -

neighbourhood it is in the domain D  for  1*0,  Lt , where *L  is a constant.

Then for every 0>  and *<0 LL   there exists  0<0  such that for 

 00,   and  10,  Lt
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     .,,,  tYtXH (8)
Proof: We consider the differential equation 

          .0,=0,,,,,,=,  ZtZtZtFtZDh (9)

Due to  3,4  from the differential equations    5,1  we come to the corresponding 
integral equations and get 

     ,,, tZtXH (10)

          .,,,,,,,,,
00 





   dssZsZsFdssXsXsFH

tt 

For  0,t  taking into account the boundedness of the function  ZXsF ,,  we 
obtain 

     .2,,,  MtZtXH  (11)

For  1,   Lt  we have from  10  the following: 

      ,,, tZtXH (12)

          




   dssXsXsFdssXsXsFH

tt  ,,,,,,,,,
00

          




  dssZsZsFdssXsXsFH

tt  ,,,,,,,,,
00

          .,,,2,,,
00

dssZsXHdssXsXH
tt   

Obviously 

     .,,,
0

LMdssXsXH
t   (13)

Thus, using the Gronwall-Bellman's lemma, we get from (12) that 

      .2,,, tLMtZtXH  exp (14)

Analogously for equations (6) and the equation 

           0,=0,,,,,,=, 0 WtWtWtFtWDh (15)

 we have 
      .2,,, tLMtWtYH  exp (16)

Equation (15) is a partial averaging for equation (9).

According to [14, p.112] for every   and  *0, LL  there exists   0,1  such 

that for  10,   and  10,  Lt  the following estimate holds: 

     /2.,,,  tZtWH (17)

From      17,16,14  for    LLM/  24,= 10 expmin  we get the estimate 

 .8
Let us consider the differential equation 

         ,/,,,,,=, 21  tXtXtXtFtXDh (18)
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     .0/,,=, 2  sssX 
In correspondence to equation  18  we put the following partially averaged equation 

        ,,/,,,,,=, 21
0   tYtYtYtFtYDh (19)

    0,/,,=, 2  sssY 
 where 

    0.=,,,
1

,,,,
1 0

00 










dtZYXtF
T

dtZYXtF
T

H
TT

T
lim (20)

Theorem 4 Let in the domain  )(,,0,= nRconvZYXtQ   the following 

conditions hold:

 1) the functions    ZYXtFZYXtF ,,,,,,, 0  are continuous, uniformly bounded by 

the constant M  and fulfill the Lipschitz condition in all variables starting with the second 
one with a constant  ;

 2) the initial function  ,s  is continuous and 

      ,,,, '''''' ssssH  

  0;/,, 2  sDs 

3) there exists the limit  20  for every DZYX ,, ;

4) the solution of equation  19  exists for   0,  and together with a  -

neighbourhood it is in D  for  1*0,  Lt , *L  is a constant.

Then for every 0>  and *<0 LL   there exists  0<0  such that for 

 00,   and  10,  Lt  the following unequality holds: 

     .,,,  tYtXH (21)

Proof. We consider a solution of the systems  ,18  19  on the interval   /0, 2 : 

        ,,/,,,,,=, 21
111   ttXtXtFtXDh (22)

    ;0,=0,1  X

        ,,/,,,,,=, 21
1101   ttYtYtFtYDh (23)

   .0,=0,1  Y

According to Theorem 3 for every 0>1  there exists ](0,1    such that for 

 10,   and ]/(0, 2 t  the following estimate is valid: 

     .,,, 1
11  tYtXH (24)

Now we consider on   /,2/ 22  the solutions  ,2 sY  and  ,2 sZ  of the 

system  19  with initial conditions 
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   ,,=/2, 1
2

2  sYsY 

   .,=/2, 1
2

2  sXsZ 
Due to Theorem 2 for every 0>2  there exists 0>  such that for 

      ,,, 11 sXsYH  we have 

      ./2,//2,,,, 222
22   ssZsYH (25)

Now we consider the solutions  ,2 sX  and  ,2 sZ  of the systems  ,18  19
on the interval   /,2/ 22  with initial conditions 

   ,,=/2, 1
2

2  sXsX 

   .,=/2, 1
2

2  sXsZ 
According to Theorem 3 for every 0>2  there exists for ](0, 2   and 

  /2,/ 22t  the following estimate holds 

     /2.,,, 2
22  tZtXH (26)

We choose ](0,2  ''  such that  1  for ](0, 2
''  . Then for 

 222 ,=  min  from    26,25  we get 

      ./2,/,,,, 222
22   tsXsYH

Let 1<
2

 k
L

k


. Then after k  steps for i
ki
 min

1

0 =  we come to the conclusion of the 

theorem.

Remark 1 If the function  ZYXtF ,,,0  does not depend explicitly on t , relation 

 20  means the existence of an average, i.e.

    .,,,
1

=,, 0
0

0 dtZYXtF
T

ZYXF
T

T



lim

In this case the full averaging scheme justification follows from Theorem  4. 

We consider the system of differential equations with Hukuhara derivative 

        ,,/,,,,,=, 2
1

1   tXtXtXtFtXD iih (27)

    ,...,2,1,=0,/,=, 2 misssXi  

 where  ,,...,,= 21 mXXXX

      ,= 21 mnnn RconvRconvRconvWDX xxx 

       ,,,,,,,=,,,,,...,,= 21
21 ZYXtFZYXtFZYXtFFFFF m 

 .,...,,= 21 m
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We put the following partially averaged system in correspondence to system  :27

        ,,/,,,,,=, 21
0   tYtYtYtFtYD iih (28)

    0,/,=, 2  sssYi 
 where 

     ,,,,,,,=,,, 210 ZYXtFZYXtFZYXtF 

    .,,,
1

=, 2
0

2 dtZXXtF
T

ZXF
T

T



lim (29)

Theorem 5 Let in the domain  WDZYXtQ  ,,,0=  the following 

conditions hold:

 1) the function  ZYXtF ,,,  is continous, uniformly bounded by a constant M
and fulfills the Lipschitz condition with a constant   in all variables starting with the 
second one;

 2) the initial function  ,s  is continous and 

     ,,,, ssssH  
  0;/,, 2  sDs 

3) there exists the limit  29  for all DZYX ,, ;

 4) the solution of the system  27  for ](0,   exists and together with a g -

neighbourhood is in the domain D  for  10,  Lt .

Then for 0>  there exists   0,0   such that for ](0, 0   and ](0, 1 t
the following estimate holds: 

     .,,,  tYtXH

The validity of Theorem 5 follows from Theorem 4 as from the fulfillness of 
conditions  29  the fulfillness of conditions  20  follows.
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ВЪРХУ УСРЕДНЯВАНЕТО В ДИФЕРЕНЦИАЛНИ УРАВНЕНИЯ С 
ПРОИЗВОДНА НА ХУКУХАРА И ЗАКЪСНЕНИЕ

Петър Рашков

Русенски университет „Ангел Кънчев”

Резюме: В работата се разглеждат диференциални уравнения с многозначни десни 
страни.и закъснение. Стойностите на всички разглеждани многозначни функции са изпъкнали 
компактни множества. Производните на решенията са в смисъл на Хукухара. Обоснована е една 
обща схема за усредняване в три варианта.

Ключови думи: диференциално уравнение, усредняване, многозначни изображения 
(функции), закъснение, изпъкнало множество, съществуване.
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