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IMMERSED INTERFACE FINITE ELEMENT METHOD FOR DIFFUSION
PROBLEM WITH LOCALIZED TERMS

Ivan Georgiev, Juri Kandilarov

Angel Kanchev University of Ruse

Abstract: In this paper we consider the diffusion problem with local own source. A weak formulation of
it is done and then the immersed interface finite element method (IIFEM) is applied for the numerical solu-
tion. For discretization in time it is used Rothe’s method with weights, and then the special basis functions,
which fulfill the jump conditions on the interface, are introduced. Numerical results, confirming second order
of accuracy in maximum norm, are presented.

Keywords: immersed interface, finite element method, diffusion equation, local sources, Rothe’s
method

INTRODUCTION
Let us consider the following parabolic problem with discontinuous coefficients and
local own source:

U (1) — (A (1), +a(x, u(x,t) = F(x, 1) -guxt))s(x-¢)  (x1)eQ =Qx(0]] 1)
with initial and boundary conditions
u(x,0) =y, (x),

u(0,t) =uy (t), u(Lt) = U (t). @

Here Q=(01), the functions q,f and @ are continuous in Q \I7,

I ={¢}x[0]], & is the Dirac-delta function, 0< ¢ <1 and f3 is piecewise continuous of
the form

£ (X), 0<x<S,
L(X), ¢<x<l.

Under some assumption of smoothness of the solution the problem (1)-(2) can be
rewritten in the classical way [9] as follows:

u, (1) = (AL (x.0), +ax ux, ) =T (xt)  (x1) e Q =Qx(01]) (3)

with initial and boundary conditions (2) and jump conditions on the interface I}

B(X) ={

[u(x,)],, =u(¢*,t)-u(¢,t)=0
AL (X D] =B (D)= Bu (S D) =gu(Sb)).

Problems of this type arise in chemical processes with local reactions on a catalytic

surface [1], where the global solvability and blow-up of the solution in finite time are also
studied. Compatibility conditions for the regularity of the solution are described in [3]. Exis

(4)
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tence and uniqueness of the variety of elliptic and parabolic interface problems are
discussed in the book [9]. Special difference schemes for such problems are considered

[4].

In this paper the IIFEM is applied for the proposed problem. IIFEM for interface prob-
lems with homogeneous interface conditions, or jump conditions, that are known functions,
have been studied in [5-7]. In our problem the jump of the flux at the interface depends on
the unknown solution. For elliptic problems of this type an IIFEM is studied in [2].

The paper is organized as follows. In the next section the weak formulation of the
problem is given. Then using Rothe’s method combined with the method of weights the
semi-discretization in time is done. [IFEM is applied for approximation in space. Numerical
experiments are presented in the last section.

WEAK FORMULATION OF THE PROBLEM
Let for simplicity consider the case of linear own source, i.e. g(u(x,t))=K()u(x,t),

where K(t) >0, Vte[0]] is a continuous function.

Let introduce the usual Sobolev space Hl(O,l) , the bilinear form

a(u,v) = I(ﬁ(x)ux (X OV () +a(x Hulx, Hv(x)dx+ KOu(g, v 1) - )

and linear form

b(f,v)= T f (x,t)v(x)dx. (6)

1
With (ut(x,t),v):jut(x,t)v(x)dx we denote the inner product in the space
0

1%(0]).
Then, the weak solution of the problem (3), (4) is the function

ueH'(01), vt (0], such that

(u,v)+a(u,v)=b(f,v) WWeH(0)), (7)
and U(X,t) satisfies the conditions in (2).

Using energetic method, see Chapter 1 of [9], it has been proved that if
U,(X), g, f €L(0,1), then the solution of (3)-(4) is unique U H'(0), vt € (01] satis-
fying the weak problem (7).

METHOD OF WEIGHTS
Let introduce an uniform mesh in the time t €[0,1] with constant time step 7=1/M,

t =mz, m=0,..,M, where M is a positive integer. Let also with Z_(X) denote the nu-
merical approximation of U(X,t.) on the m-th time layer m=1,...,M, and o, o€[0]1] is
a weight. Then the semi-discretization of the problem in time [8] looks as follows:
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Zm(X)_r 2pa(X) _ (0 (X)) = (A= 0) B 1 (X)) +00(X, 1) 23y (X) + (L= )X, by 1) 2y 1 (X)

= of (%,t,) + (1—0) f (X,t,,) — 00X~ K () 2, (X) — A= ) (X =K (b 1) 21 (), x(0)
(8)

for m=1,...,M, initial and boundary conditions

u(x,0) = zo(X) = Uy (),
U(O’tm)zzm(o):uL(tm)’ (9)
U(l,tm) = Zm (1) = uR(tm)l

and jump conditions on the interface

[z, (¥)]er =20 (7)) =2, (S7) =0,

(10)
2 0Ocs = 22 6) - 226 ) =K )20 0).

IMMERSED INTERFACE FINITE ELEMENT METHOD
Next we introduce uniform mesh in space direction X, X =ih,1=0,...,N, with

h=1/N. Let J be the number, for which X; £ <X,,,. Let ¢" are the unknown coeffi-
cients at X, and . Then from the idea of the FEM the numerical solution on every time

N
layer m is a linear combination zh =>c"#(X) of standard basic functions @,
i=0

1=, 1#J+1:
X— X
X, SX<X
h
¢|(X):< I+h y X SXS Xy
0, elsewhere

and two modified basis functions @; and ¢, ,:

0, 0<X<X,, 0, 0<x<X,
X=X
%, X4 SX<X, 0!21X+ﬂ21, X; SX<§
)= X+ % <x<C  Bra()={0XtPar CSX<X,
Xjp2 — X
apX+ B ¢ <X< Xy T’ Xjia SX <X
0 X5, SX<1 0 X;,, X1
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The coefficients ¢ and f;, 1, ] =12 must satisfy the following systems of linear
algebraic equations (SLAE)

X+ =1 o, X; + 53, =0
QX0+ P =0 and O Xy + P =1 _
a6+ P, —oé — i =0 0l + P = UG = P =0
o, —oy; =Kl g + By) Uy — Ay = K(8 + Bry)
Its solutions are:
= 1+ Koy B = K&Au + X oy, =— 1 B, = X34
h+Kp o1 h+Kp o1 h+Kp, p1.4 h+Kpy 1.4
1 X, 1+Kp, __ K&p +x,
ap=7—"—— Pu=——p Q= —, P2~ '
h+Kppa h+Kp o1 h+Kp,y p1.4 h+Kp, 1.4

P =C—X; Pra=X1—6.
In what follows, instead of () for the scalar product we will use the notation <> ie.

1
<u,v >=IUVdX. Then we multiply the semi-discrete equation (8) by the test function
0

veH'(0]), and integrating by parts with respect to x we get for j=1,...,N:

<D ORIGT >+ < Y+ oA 97>+ K e (€)=
DL g > =< Y A=) T F] >+ < Y A= >
< (k). 47 > +<0=0) (1) 7 > =3 A=K e OO

This SLAE can be presented in the matrix form as

(A'+ A* + A°)C"=(B" +B* +B* +B*)C™" + (D' + D?),
where C™ = (Cg €1, O ) and C™ = (€6, CR)T are vectors of
the solution on the two consecutive time layers, with

C’=(cJ,cl,....cp)",C’ =U, (%), cg =u(O,t..),cy =u(Lt,) - initial and bounda-
ry conditions. The elements of the other matrices are as follows:
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0 1= j,i=j+£1
o rﬂ‘(x)qﬁ,m(x)’qﬁ}"(x)’dx i=j*lori=j,andi<J
a)]‘lﬂ+(x)¢,m(x)'¢}“ (x)'dx i=j+lori=j,andi>J+1
M [ 008 (87 (i | B (I (' (<) i=3,j=1
i~ X3 g
< Xy
o[ B (T (B (X0 [ B (B (' g () i=J,j=+1
X g
o B OO () B XYk | 5 (0 0 8 (XY =341 j=1
X3 ¢
s X342
& | B ()BT #1 0) X+ o [ B () ()  (x)'dx i=J+1 j=J+1
L X g
0 1= J,i# ]+l
J €0 (x b ) (7 09K i=jxlori=jandi<J
j (%+oq*(x,tm))¢§,m(x)¢}“(x)dx i=j+lori=j andi>J+1
1 XHm m L M () AT S
| T Gror et ) o0dis [ G og® () 0097 09k i=3,j=1
Aij: X34 T ¢ T
o GO0 [ o FORWA 1232141
X3 ¢
4 X341
JE e (DR 00 008+ [ €+ 0" (4, 0095 (00K i=3+1 )=
X 4
4 Xy52
JE+ o (AR08 [ € +0a (DB M08 1=341 j=3+41
X 4
KO 1=, j=1

oK(t,)dy (S)Pra(c) 1=J,j=J+1

A =1 KILOP(C)  i=3+1j=0

oK () () () i=3+L j=J+1
0 othercases
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0
J 007 (9K

J 007 (9K

[ENNEN

i=jxlori=j,andi<J

i=jxlori=j,andi>J+1

T 1 m-1 m X“]- m-1 m 1 — I —
| ] O eder [ G (g7 (e i=J,j=1
Bij: X34 3 ¢ 3
% 1 m-1 m o 1 m-1 m 1 — 1 —
JOE00gm 0000 [ Qa0g0de =3, j=3+1
X3 ¢
T 1 1 m s 1 m-1 m H H
JOE00m Mo [ O Mex  i=0+1j=1
X3 g
éV:l. m-1 m XJZ]— m-1 m 1 — 1 —
JOEm 000 [ ORI i=+1 =341
X3 ¢
0 ENNEN
~(1-0) r,b”(x)qi,m’l(x)’(b}“ (x)'dx i=j+lori=jandi<J
—(1—0')X|I1,5+(X)¢Im_l(x)'¢;" (x)dx i—j+lori=j,andi>J+1
X1
< X351
Lo | 0 [ B 0007 047 k(L) [ 009 0 (/0 i=3,j=1
i = Xy ¢
4 X341
~(@-0)] B (O ('L () T~ (L= 0) [ B (OB (X) g (x) e i=3,j=d+1
X3 g
< X351
—(1—a)jﬂ*(x)¢j“j(x)'¢j“ (x)dx-(1-0) fﬁ+(x)¢Tﬁl(X)'¢Jm(X)’dX i=J+1 j=J
X) g
Iy X)52
~1-0) [ B OB B~ L-0) [ B A ELOydx =3+ j=+1
X g
0 1# j,i#]xl

X1

<
qo_) 479 [ (0t D ()87 () dx+ (1- 0)

1j c
(1-0) [0 (Xt )BT ()¢ (dx+ (L)

X351

Xiz1

X3
X332

(-o )Tq(x,tm_l)¢j“+11(x)¢j“+1(x)dx+ (1-0)
X I3

(1—a):]’lq-(x,tm_lmm*(xw;”(x)dx
(1—a)i]‘1q+(x,tm_l)¢.m1(x>¢;“(x)dx
* J; 0 (Xt 1) (04 (¥
J; G (X by )7 ()7 (X)dx
(1-0) [0 (08, M08 i+ (1-0) J; G (Xts)

0" (6t ) (g, 0k

i=jxlori=j,andi<J
i=jxlori=j,andi>J+1
i=J,j=J
i=J,j=J+1
¢r2 (X)¢y (X)dx i=J+1 j=1J

I=J+1 j=J+1
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D! =

D =

~ (- o)K(t, 1) ()] (£) i=J,j=J
—(-o)K(t, ) (el () 1=, j=J+1
~(-o)K(t, )7 (e () i=3+Lj=J ;
—(1-o)K(t, )7 (). () i=3+1j=I+1
0 other cases
crx]ﬂf‘(x,tm)gzilmdx 1=J,1#J+li<J
o [ 1 (xt,)d7dx i23i%d+Li>041
I - X341
o [ £ (0ty)gndx+ o [ £ (xt,)gTdx =3
;‘H Xng
o[ Tttt o [ 11 (xt, ), dx i=J+1
X3 ¢
(1—G)Xiff “(ot.)gmdx 23, i2d+Li<J
(1—J)Tf (0t )gmdx i£3,i2d+1i>J+1
I - X341
1-0) [ - (xty)dldx+L-0) [ £ (xt,,)p dx i—J
X3-1 ¢
-0 (0t )adx - (1-0) | T ()0 341
X3 g

The matrices A® and B* correspond to the corrections, results of the ¢ - Dirac func-

tion.

NUMERICAL EXPERIMENTS
As a test problem we consider

U, (X’ t) - (ﬂ'lx (X’ t))x = _5()( - ;) KU(X, t) (X, t) < (011) X (0!1] '

with initial and boundary conditions

u(x,0)

cos(x/\/F) 0<x<
cosC/B) =¢

=Uo(X) = sin(x/\/F)’ £ <x<l

sin¢/+/8")

L0.H) =u, ()= exp(~t) WL =, (t):sin(ll\/F)exp(—t).

cos(C//B) sin(¢ /y/8°)
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The function K(t) for this problem is a constant K =,/ 8" ctg(—2—=

S )+ ptg(-—
JB F

[U(x B, =u(¢" H—-u(¢,H=0,

(A, (6] = BU(CT )= BU (¢, 1) = KU(L,E) = Ku( ).

The jump conditions are:

The exact solution is

Mexp(_t)’ nggé’
u(xt) = cos(g“/\/F)
sin(x/ \/E )
sin(¢ /")
In Table 1 the results for the parameters o=1/2,{=rl6,
K= \/7 ctg(—== )+\/7 tg(—) are presented. We choose two different cases for the

v v

discontinuous coefficients g~ =10, " =1 and =1, " =10.The error of the numerical so-
lution in  maximum norm for different N and M is denoted by

lery |l..= maX(|U(X.,m) Z0 (%)), and the rate of convergence - by

lerd" |l
rate= Iogz(|| |
and time for the case of o=1/2, when the method of weights is known as Crank-Nicolson
method.
In Figure 1 the exact solution and the error of the numerical solution for N =M =40
and

B =14 =10, o=1/2,{=r/6 are presented.

exp(-t), ¢ <x<1

)- The results confirm that the method is of second order on space

Table 1. The numerical results for o=1/2,{=7/6, K=,/ ctg(-—2—

S )+ Btg(-—

e

N M B =10, 8 =1 p =1 p" =10

fent' I rate fent' I, rate
5 5 0.000367 - 0.000436 -
10 10 8.3325e-5 2.1418 9.2664e-5 2.2364
20 20 1.6931e-5 2.2990 1.8992e-5 2.2865
40 40 4.0763e-6 2.0543 4.5944e-6 2.0474
80 80 1.0141e-6 2.0070 1.1397e-6 2.0112
160 160 2.5325e-7 2.0015 2.8474e-7 2.0009
320 320 6.3306e-8 2.0001 7.1157e-8 2.0005
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N=M=40, (=6, p'=1, p*=10 N=M=40, (=6, p=1, p*=10

Exact solution

Fig.1. The exact solution and the error of the numerical solution for N=M=40 and

B =1 B =10.

Many other numerical experiments with different values of the coefficients have been
done. All of them confirm the following proposition:

Proposition: If the assumptions for the coefficients and functions are fulfilled, then
the proposed IIFEM in the case o =1/2 is of second order both in space and time, i.e. for

the error of the numerical solution of (9), (10) u (11) Z; the estimate.
| zn—ul.<C(h* +7%)
holds, where the constant C does not depend on h and 7.

CONCLUSION

In this work we investigate the application of the IIFEM for a parabolic problem with
local own sources on some interface, embedding in the domain. For the numerical solution
we use method of weights and FEM with special basic functions satisfying the jump condi-
tions on the interface. Second order of convergence in the case o =1/2 is numerically
proved. The theoretical proof of the proposition and application of ODE solvers of Matlab
are object of our forthcoming work.
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